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Exponents and Logarithms

This chapter focuses on understanding exponents and logarithms, along with

Starry Night was
painted by Vin-

cent Van Gogh in
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measured using a
logarithmic scale.

applications of these crucial concepts.
We will begin by using the algebraic properties of exponentiation by in-

tegers to define x1/m for m a positive integer. As we will see, the function
that takes the mth root of a number is simply the inverse of the function
that raises a number to the mth power. Once we have defined x1/m, the
algebraic properties of exponentiation force us to a natural definition of ex-
ponentiation by rational numbers. From there we finally reach the notion of
exponentiation by an arbitrary real number.

Logarithms will be defined as inverse functions of exponentiation. We
will see that the important algebraic properties of logarithms follow directly
from the algebraic properties of exponentiation.

In the last two sections of this chapter we will use exponents to model
population growth, compound interest, and radioactive decay. We will also
see how logarithms are used to measure earthquakes, sound, and stars.
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3.1 Rational and Real Exponents

section objectives
By the end of this section you should

understand why x1/m is defined to equal the number whose mth power
equals x;

understand why xn/m is defined to equal (x1/m)n;

be able to manipulate and simplify expressions involving exponents.

So far we have defined exponentiation by integers. In this section we will
define exponentiation by arbitrary real numbers. We will begin by making
sense of the expression x1/m, where m is a positive integer. From there
we will progress to exponentiation by rational numbers, and then finally to
exponentiation by arbitrary real numbers.

Roots

Suppose x is a real number and m is a positive integer. How should we
define x1/m? To answer this question, we will let the algebraic properties
of exponentiation force the definition upon us, as we did when we defined
exponentiation by negative integers in Section 2.3.

Recall that if x is a real number and m and n are positive integers, then

(xn)m = xnm.

We would like the equation above to hold even when m and n are not pos-
itive integers. In particular, if we take n equal to 1/m, the equation above
becomes

(x1/m)m = x.

Thus we see that we should define x1/m to be a number that when raised to
the mth power gives x.

example 1How should 81/3 be defined?

solution Taking x = 8 and m = 3 in the equation above, we get

The expression x3 is
called the cube of x.

(81/3)3 = 8.

Thus 81/3 should be defined to be a number that when cubed gives 8. The only such
number is 2; thus we should define 81/3 to equal 2.

Similarly, (−8)1/3 should be defined to equal −2, because −2 is the only
number that when cubed gives−8. The next example shows that special care
must be used when defining x1/m if m is an even integer.
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example 2 How should 91/2 be defined?

solution In the equation (x1/m)m = x, take x = 9 and m = 2 to get

(91/2)2 = 9.

Thus 91/2 should be defined to be a number that when squared gives 9. Both 3 and
−3 have a square equal to 9; thus we have a choice. When this happens, we will
always choose the positive possibility. Thus 91/2 is defined to equal 3.

The next example shows the problem that arises when trying to define
x1/m if x is negative and m is an even integer.

example 3 How should (−9)1/2 be defined?

solution In the equation (x1/m)m = x, take x = −9 and m = 2 to getComplex numbers
were invented so

that meaning could
be given to ex-

pressions such as
(−9)1/2, but we re-
strict our attention

here to real numbers.

(
(−9)1/2

)2 = −9.

Thus (−9)1/2 should be defined to be a number that when squared gives −9. But no
such real number exists, because the square of a real number cannot be negative.
Hence we leave (−9)1/2 undefined when working only with real numbers, just as
we left 1/0 and 00 undefined, because no possible definition could preserve the
necessary algebraic properties.

With the experience of the previous examples, we are now ready to give
the formal definition of x1/m.

Roots

If m is a positive integer and x is a real number, then x1/m is defined to
be the number satisfying the equation

(x1/m)m = x,

with the following provisions:

• If x < 0 and m is an even integer, then x1/m is undefined.

• If x > 0 and m is an even integer, then x1/m is chosen to be the
positive number satisfying the equation above.

The number x1/m is called themth root of x. Thus themth root of x is the
number that when raised to the mth power gives x, with the understanding
that if m is even and x is positive, we choose the positive number with this
property.

The number x1/2 is called the square root of x, and x1/3 is called the
cube root of x. For example, the square root of 16

9 equals 4
3 , and the cube
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root of 125 equals 5. The notation
√
x denotes the square root of x, and the

notation 3
√
x denotes the cube root of x. For example,

√
9 = 3 and 3

√
1
8 = 1

2 .
More generally, the notation m√x denotes the mth root of x.

Notation for roots
√
x = x1/2;

m√x = x1/m.

The expression
√

2 cannot be simplified any further—there does not exist a
rational number whose square equals 2 (see Section 0.1). Thus the expression√

2 is usually left simply as
√

2, unless a numeric calculation is needed. The The rational number
1.414 is a good ap-
proximation of

√
2.

key property of
√

2 is that

(
√

2)
2 = 2.

Make sure that you understand why the equation above holds as a conse-
quence of our definitions. The example below should help solidify this kind
of understanding.

example 4Show that
√

7+ 4
√

3 = 2+√3.

solution No one knows a nice way to simplify an expression of the form
√
a+ b√c.

Thus we have no obvious way to work with the left side of the equation above.
However, to say that the square root of 7+4

√
3 equals 2+√3 means that the square

of 2+√3 equals 7+4
√

3. Thus to verify the equation above, we will square the right
side and see if we get 7+ 4

√
3. Here is the calculation:

(2+√3)
2 = 22 + 2 · 2 · √3+√3

2

= 4+ 4
√

3+ 3

= 7+ 4
√

3.

Thus
√

7+ 4
√

3 = 2+√3.

The key point to understand in the definition of x1/m is that the mth root
function is simply the inverse function of themth power function. Although
we did not use this language when we defined mth roots, we could have
done so, because we defined y1/m as the number that makes the equation
(y1/m)m = y hold, exactly as done in the definition of an inverse function
(see Section 1.5). Here is a restatement of mth roots in terms of inverse
functions:
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Roots as inverse functions

Suppose m is a positive integer and f is the function defined by

f(x) = xm,

with the domain of f being the set of real numbers when m is an odd
positive integer and the domain of f being [0,∞) when m is an even
positive integer. Then the inverse function f−1 is given by the formula

f−1(y) = y1/m.

Because the function x1/m is the inverse of the function xm, we can obtainThe inverse of an in-
creasing function is

increasing. Thus the
function x1/m is in-

creasing for every
positive integer m.

the graph of x1/m by reflection of the graph of xm through the line y = x, as
is the case with any one-to-one function and its inverse. For the case when
m = 2, we already did this, obtaining the graph of

√
x by reflecting the graph

of x2 through the line y = x; see Section 1.6. Here are the graphs of x1/2

and x1/3:

y � x

y � x
3

1 2 3 4
x

1

2

y

The graphs of
y = √x (blue) and
y = 3

√
x (red) on the

interval [0,4].

Rational Exponents

Having defined exponentiation by numbers of the form 1/m, where m is a
positive integer, we will now find it easy to define exponentiation by rational
numbers.

Recall from Section 2.3 that if n and p are positive integers, then

xnp = (xp)n

for every real number x. If we assume that the equation above should hold
even when p is not a positive integer, we are led to the definition of expo-
nentiation by a rational number. Specifically, supposem is a positive integer
and we take p = 1/m in the equation above, getting

xn/m = (x1/m)n.

The left side of the equation above does not yet make sense, because we have
not yet defined exponentiation by a rational number. But the right side of
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the equation above does make sense, because we have defined x1/m and we
have defined the nth power of every number. Thus we can use the right side
of the equation above to define the left side, which we now do.

Exponentiation by a rational number

If n is an integer and m is a positive integer, then xn/m is defined by the
equation

xn/m = (x1/m)n

whenever this makes sense.

The definition above contains a subtlety that needs some comment, but

The phrase “when-
ever this makes sense”
in this definition is
meant to exclude the
case where m is even
and x < 0 (because
then x1/m is unde-
fined) and the case
where n ≤ 0 and x = 0
(because then 0n is
undefined).before getting to that we should look at an example.

example 5Evaluate 84/3.

solution 84/3 = (81/3)4 = 24 = 16

Because every rational number can be written in the form n/m, where
n is an integer and m is a positive integer, the boxed definition of xn/m

seems to give a definition of exponentiation by a rational number. However,
the subtlety that needs our attention stems from the lack of uniqueness in
representing a rational number, as shown by the next example.

example 6(a) Evaluate 163/2.

(b) Evaluate 166/4.

solution

(a) 163/2 = (161/2)3 = 43 = 64

(b) 166/4 = (161/4)6 = 26 = 64

Of course we recognize that 6
4 equals 3

2 , and thus part (b) of the example For x > 0, the defini-
tion of xn/m can be
applied whether or
not n/m is expressed
in reduced form.

above could have been done by reducing 166/4 to 163/2 and using part (a).
Instead, we applied the definition of exponentiation by a rational number
directly to 166/4. Fortunately our results in parts (a) and (b) above agree, or we
would have a serious problem concerning the consistency of the definition.

The computation above showing that 163/2 and 166/4 are equal is no co-
incidence. The same thing would happen if 16 is replaced by an arbitrary
positive number and if 6

4 and 3
2 are replaced by arbitrary fractions that are

equal to each other. Some of the problems at the end of this section ask you
to think about why this happens.
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Real Exponents

At this stage we have defined exponentiation by rational numbers, but an
expression such as 7

√
2 has not yet been defined. Nevertheless, the following

example should make sense to you as the only reasonable way to think about
exponentiation by an irrational number.

example 7 Find an approximation for 7
√

2.

solution Because
√

2 is approximately 1.414, we expect that 7
√

2 should be ap-
proximately 71.414 (which has been defined, because 1.414 is a rational number). A
calculator shows that 71.414 ≈ 15.66638.For convenience in

dealing with quanti-
ties that cannot be
expressed exactly

in decimal notation,
we use the symbol ≈,

which means “approx-
imately equal to”. For
example,

√
2 ≈ 1.414.

If we use a better approximation of
√

2, then we should get a better approximation
of 7

√
2. For example, 1.41421356 is a better rational approximation of

√
2 than 1.414.

A calculator shows that
71.41421356 ≈ 15.67289,

which turns out to be correct for the first five digits after the decimal point in the
decimal expansion of 7

√
2.

We could continue this process by taking rational approximations as close as we
wish to

√
2, thus getting approximations as accurate as we wish to 7

√
2.

The example above gives the idea for defining exponentiation by an irra-
tional number:

Exponentiation by an irrational number

Suppose b > 0 and x is an irrational number. Then bx is the number that
is approximated by numbers of the form br as r takes on rational values
that approximate x.

The definition of bx above does not have the level of rigor expected of
a mathematical definition, but the idea should be clear from the example
above. A rigorous approach to this question would take us beyond material
appropriate for a precalculus course. Thus we will rely on our intuitive sense
of the loose definition given above.

The graphical interpretation of this definition, to which we now turn, may
help solidify this intuition. The figure above plots the points (x,2x) as x

�1 1
x

1

2

y

A partial graph of 2x

on the interval [−1,1].

varies from −1 to 1 in increments of 0.05.
Instead of taking x in increments of 0.05, we could have taken x in incre-

ments of 0.001 or some smaller number, getting more points on the partial
graph. As the increments become smaller, the partial graph will appear in-
creasingly like a smooth curve, and we can fill in the tiny gaps to get an actual
smooth curve, as shown in the figure here.�1 1

x

1

2

y

The graph of 2x on
the interval [−1,1].

We can think of obtaining the graph of 2x on the interval [−1,1] by
smoothly filling in the gaps, as has been done in the figure here. The graph
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should then show all points of the form (x,2x), including for irrational val-
ues ofx (provided that−1 ≤ x ≤ 1), and we can think of the graph as defining
the values of 2x for irrational values of x. For example, we could read off an
approximate value for 21/

√
2 from the graph above. If we need a more accu-

rate estimate, we could change the scale of the graph, concentrating only on
a small interval containing 21/

√
2.

Now that we have defined 2x for all real numbers x, we can define a func-
tion f by f(x) = 2x . The domain of this function is the set of real numbers;
the range of this function is the set of positive numbers.

Be careful to distinguish the graphs of the functions 2x and x2. These
graphs have different shapes. The function 2x is increasing on the entire
real line, but the function x2 is decreasing on the interval (−∞,0] and is
increasing on the interval [0,∞).

The graph of 2x (blue)
gets very close to the
x-axis for negative
values of x with large
absolute value. The
graph of x2 (red) is
a parabola with its
vertex at the origin.

�5 �4 �3 �2 �1 1 2 3 4 5
x

10

20

y

The graphs of 2x (blue) and x2

(red) on the interval [−5,5].

We conclude this section by summarizing the crucial algebraic properties
of exponents. Recall that for exponentiation by positive integers, the key al-
gebraic properties followed quickly from the definition of exponentiation as
repeated multiplication. As we extended our definition of exponentiation to
larger classes of numbers, the definitions were chosen so that the following
algebraic properties are preserved:

Algebraic properties of exponents

Suppose a and b are positive numbers and x and y are real numbers.
Then

bxby = bx+y,

(bx)y = bxy,

axbx = (ab)x,

b0 = 1,

b−x = 1
bx
,

ax

ay
= ax−y,

ax

bx
=
(a
b

)x
.

As an example of using these properties, if we take x = 1
2 in the third

equation above then we obtain the following property:
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√
a
√
b =

√
ab.

Here is an example of how this identity can be used:

example 8 Simplify
√

2
√

6.

Never, ever, make the
mistake of think-
ing that

√
a+√b

equals
√
a+ b.

solution
√

2
√

6 = √12 = √4 · 3 = √4
√

3 = 2
√

3

exercises

For Exercises 1–8, evaluate the indicated quanti-
ties. Do not use a calculator because otherwise
you will not gain the understanding that these ex-
ercises should help you attain.

1. 253/2

2. 85/3

3. 323/5

4. 813/4

5. 32−4/5

6. 8−5/3

7. (−8)7/3

8. (−27)4/3

For Exercises 9–20, expand the indicated expres-
sion.

9. (2+√3)2

10. (3+√2)2

11. (2− 3
√

5)2

12. (3− 5
√

2)2

13. (2+√3)4

14. (3+√2)4

15. (3+√x)2
16. (5+√x)2
17. (3−√2x)2

18. (5−√3x)2

19. (1+ 2
√

3x)2

20. (3+ 2
√

5x)2

For Exercises 21–32, find a formula for the in-
verse function f−1 of the indicated function f .

21. f(x) = x9

22. f(x) = x12

23. f(x) = x1/7

24. f(x) = x1/11

25. f(x) = x−2/5

26. f(x) = x−17/7

27. f(x) = x4

81

28. f(x) = 32x5

29. f(x) = 6+ x3

30. f(x) = x6 − 5

31. f(x) = 4x3/7 − 1

32. f(x) = 7+ 8x5/9

For Exercises 33–38, find a formula for (f ◦ g)(x)
assuming that f and g are the indicated
functions.

33. f(x) = x1/2 and g(x) = x3/7

34. f(x) = x5/3 and g(x) = x4/9

35. f(x) = 3+ x5/4 and g(x) = x2/7

36. f(x) = x2/3 − 7 and g(x) = x9/16

37. f(x) = 5x
√

2 and g(x) = x
√

8

38. f(x) = 7x
√

12 and g(x) = x
√

3

For Exercises 39–46, find all real numbers x that
satisfy the indicated equation.

39. x − 5
√
x + 6 = 0

40. x − 7
√
x + 12 = 0

41. x −√x = 6

42. x −√x = 12

43. x2/3 − 6x1/3 = −8

44. x2/3 + 3x1/3 = 10

45. x4 − 3x2 = 10

46. x4 − 8x2 = −15

47. Suppose x is a number such that 3x = 4. Evalu-
ate 3−2x .

48. Suppose x is a number such that 2x = 1
3 . Evalu-

ate 2−4x .

49. Suppose x is a number such that 2x = 5. Evalu-
ate 8x .

50. Suppose x is a number such that 3x = 5. Evalu-
ate

( 1
9

)x
.

For Exercises 51–56, evaluate the indicated quan-
tities assuming that f and g are the functions
defined by

f(x) = 2x and g(x) = x + 1

x + 2
.

51. (f ◦ g)(−1)

52. (g ◦ f)(0)
53. (f ◦ g)(0)

54. (g ◦ f)( 3
2 )

55. (f ◦ f)( 1
2 )

56. (f ◦ f)( 3
5 )

57. Find an integer m such that

(
(3+ 2

√
5)2 −m)2

is an integer.
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58. Find an integer m such that

(
(5− 2

√
3)

2 −m)
2

is an integer.

problems

Some problems require considerably more thought than the exercises.
Unlike exercises, problems usually have more than one correct answer.

59. Sketch the graph of the functions
√
x + 1 and√

x + 1 on the interval [0,4].

60. Sketch the graph of the functions 2x1/3 and
(2x)1/3 on the interval [0,8].

61. Sketch the graphs of the functions x1/4 and
x1/5 on the interval [0,81].

62. Show that
√

2+√3 =
√

3
2 +

√
1
2 .

63. Show that
√

2−√3 =
√

3
2 −

√
1
2 .

64. Show that
√

9− 4
√

5 = √5− 2.

65. Show that (23− 8
√

7)1/2 = 4−√7.

66. Make up a problem similar in form to the prob-
lem above, without duplicating anything in this
book.

67. Show that (99+ 70
√

2)1/3 = 3+ 2
√

2.

68. Show that (−37+ 30
√

3)1/3 = −1+ 2
√

3.

69. Show that if x and y are positive numbers with
x �= y , then

x −y√
x −√y = √x + √y.

70. Explain why

10100(
√

10200 + 1− 10100)

is approximately equal to 1
2 .

71. Explain why the equation
√
x2 = x is not valid

for all real numbers x and should be replaced
by the equation

√
x2 = |x|.

72. Explain why the equation
√
x8 = x4 is valid for

all real numbers x, with no necessity for using
absolute value.

73. Show that if x and y are positive numbers,
then √

x +y < √x + √y.
[In particular, if x and y are positive numbers,
then

√x +y �= √x +√y .]

74. Show that if 0 < x < y , then

√
y −√x < √y − x.

75. Explain why the spoken phrase “the square root
of x plus one” could be interpreted in two dif-
ferent ways that would not give the same re-
sult.

76. One of the graphs in this section suggests that
√
x < 3√x if 0 < x < 1

and

√
x > 3√x if x > 1.

Explain why each of these inequalities holds.

77. What is the domain of the function (3+ x)1/4?

78. What is the domain of the function (1+ x2)1/8?

79. Suppose x is a positive number. Using only the
definitions of roots and integer powers, explain
why

(x1/2)3 = (x1/4)6.

80. Suppose x is a positive number and n is a posi-
tive integer. Using only the definitions of roots
and integer powers, explain why

(x1/2)n = (x1/4)2n.

81. Suppose x is a positive number and n and p
are positive integers. Using only the definitions
of roots and integer powers, explain why

(x1/2)n = (x1/(2p))
np
.

82. Suppose x is a positive number and m, n, and
p are positive integers. Using only the defini-
tions of roots and integer powers, explain why

(x1/m)n = (x1/(mp))
np
.
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83. Using the result from the problem above, ex-
plain why the definition of exponentiation of a
positive number by a positive rational number
gives the same result even if the positive ratio-
nal number is not expressed in reduced form.

84. Using the result that
√

2 is irrational (proved in
Section 0.1), show that 25/2 is irrational.

85. Using the result that
√

2 is irrational, explain
why 21/6 is irrational.

86. Suppose you have a calculator that can only
compute square roots. Explain how you could
use this calculator to compute 71/8.

87. Suppose you have a calculator that can only
compute square roots and can multiply. Ex-
plain how you could use this calculator to com-
pute 73/4.

88. Give an example of three irrational numbers x,
y , and z such that

xyz

is a rational number.

89. Give an example of three irrational numbers x,
y , and z such that

(xy)z

is a rational number.

90. Is the function f defined by f(x) = 2x for ev-
ery real number x an even function, an odd
function, or neither?

91. What is wrong with the following string of
equalities, which seems to show that −1 = 1?

−1 = i · i =
√
−1
√
−1 =

√
(−1)(−1) =

√
1 = 1

worked-out solutions to Odd-numbered Exercises

Do not read these worked-out solutions before first
struggling to do the exercises yourself. Otherwise
you risk the danger of mimicking the techniques
shown here without understanding the ideas.

Best way to learn: Carefully read the section of the
textbook, then do all the odd-numbered exercises
(even if they have not been assigned) and check your
answers here. If you get stuck on an exercise, reread
the section of the textbook—then try the exercise
again. If you are still stuck, then look at the worked-
out solution here.

For Exercises 1–8, evaluate the indicated quanti-
ties. Do not use a calculator because otherwise
you will not gain the understanding that these ex-
ercises should help you attain.

1. 253/2

solution 253/2 = (251/2)3 = 53 = 125

3. 323/5

solution 323/5 = (321/5)3 = 23 = 8

5. 32−4/5

solution 32−4/5 = (321/5)−4 = 2−4 = 1
24
= 1

16

7. (−8)7/3

solution (−8)7/3 = ((−8)1/3
)7

= (−2)7

= −128

For Exercises 9–20, expand the indicated expres-
sion.

9. (2+√3)2

solution

(2+√3)2 = 22 + 2 · 2 · √3+√3
2

= 4+ 4
√

3+ 3

= 7+ 4
√

3
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11. (2− 3
√

5)2

solution

(2− 3
√

5)2 = 22 − 2 · 2 · 3 · √5+ 32 · √5
2

= 4− 12
√

5+ 9 · 5

= 49− 12
√

5

13. (2+√3)4

solution Note that

(2+√3)4 = ((2+√3)2
)2
.

Thus first we need to compute (2+√3)2. We
already did that in Exercise 9, getting

(2+√3)2 = 7+ 4
√

3.

Thus

(2+√3)4 = ((2+√3)2
)2

= (7+ 4
√

3)2

= 72 + 2 · 7 · 4 · √3+ 42 · √3
2

= 49+ 56
√

3+ 16 · 3

= 97+ 56
√

3.

15. (3+√x)2

solution

(3+√x)2 = 32 + 2 · 3 · √x +√x2

= 9+ 6
√
x + x

17. (3−√2x)2

solution

(3−√2x)2 = 32 − 2 · 3 · √2x +√2x
2

= 9− 6
√

2x + 2x

19. (1+ 2
√

3x)2

solution

(1+ 2
√

3x)2 = 12 + 2 · 2 · √3x + 22 · √3x
2

= 1+ 4
√

3x + 4 · 3x

= 1+ 4
√

3x + 12x

For Exercises 21–32, find a formula for the in-
verse function f−1 of the indicated function f .

21. f(x) = x9

solution By the definition of roots, the in-
verse of f is the function f−1 defined by

f−1(y) = y1/9.

23. f(x) = x1/7

solution By the definition of roots, f = g−1,
where g is the function defined by g(y) = y7.
Thus f−1 = (g−1)−1 = g. In other words,

f−1(y) = y7.

25. f(x) = x−2/5

solution To find a formula for f−1, we solve
the equation x−2/5 = y for x. Raising both
sides of this equation to the power − 5

2 , we get
x = y−5/2. Hence

f−1(y) = y−5/2.

27. f(x) = x4

81

solution To find a formula for f−1, we

solve the equation x4

81 = y for x. Multiply-
ing both sides by 81 and then raising both
sides of this equation to the power 1

4 , we get
x = (81y)1/4 = 811/4y1/4 = 3y1/4. Hence

f−1(y) = 3y1/4.

29. f(x) = 6+ x3

solution To find a formula for f−1, we
solve the equation 6+ x3 = y for x. Subtract-
ing 6 from both sides and then raising both
sides of this equation to the power 1

3 , we get
x = (y − 6)1/3. Hence

f−1(y) = (y − 6)1/3.
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31. f(x) = 4x3/7 − 1

solution To find a formula for f−1, we solve
the equation 4x3/7 − 1 = y for x. Adding 1 to
both sides, then dividing both sides by 4, and
then raising both sides of this equation to the
power 7

3 , we get x = (y+1
4

)7/3
. Hence

f−1(y) =
(y + 1

4

)7/3
.

For Exercises 33–38, find a formula for (f ◦ g)(x)
assuming that f and g are the indicated
functions.

33. f(x) = x1/2 and g(x) = x3/7

solution

(f ◦ g)(x) = f (g(x)) = f(x3/7) = (x3/7)1/2

= x3/14

35. f(x) = 3+ x5/4 and g(x) = x2/7

solution

(f ◦ g)(x) = f (g(x)) = f(x2/7) = 3+ (x2/7)5/4

= 3+ x5/14

37. f(x) = 5x
√

2 and g(x) = x
√

8

solution

(f ◦ g)(x) = f (g(x)) = f(x
√

8)

= 5(x
√

8)
√

2 = 5x
√

16 = 5x4

For Exercises 39–46, find all real numbers x that
satisfy the indicated equation.

39. x − 5
√
x + 6 = 0

solution This equation involves
√
x; thus we

make the substitution
√
x = y . Squaring both

sides of the equation
√
x = y gives x = y2.

With these substitutions, the equation above
becomes

y2 − 5y + 6 = 0.

This new equation can now be solved either by
factoring the left side or by using the quadratic

formula (see Section 2.2). Let’s factor the left
side, getting

(y − 2)(y − 3) = 0.

Thus y = 2 or y = 3 (the same result could
have been obtained by using the quadratic for-
mula).

Substituting
√
x for y now shows that

√
x = 2

or
√
x = 3. Thus x = 4 or x = 9.

41. x −√x = 6

solution This equation involves
√
x; thus we

make the substitution
√
x = y . Squaring both

sides of the equation
√
x = y gives x = y2.

Making these substitutions and subtracting 6
from both sides, we have

y2 −y − 6 = 0.

This new equation can now be solved either by
factoring the left side or by using the quadratic
formula. Let’s use the quadratic formula, get-
ting

y = 1±√1+ 24
2

= 1± 5
2

.

Thus y = 3 or y = −2 (the same result could
have been obtained by factoring).

Substituting
√
x for y now shows that

√
x = 3

or
√
x = −2. The first possibility corresponds

to the solution x = 9. There are no real num-
bers x such that

√
x = −2. Thus x = 9 is the

only solution to this equation.

43. x2/3 − 6x1/3 = −8

solution This equation involves x1/3 and
x2/3; thus we make the substitution x1/3 = y .
Squaring both sides of the equation x1/3 = y
gives x2/3 = y2. Making these substitutions
and adding 8 to both sides, we have

y2 − 6y + 8 = 0.

This new equation can now be solved either by
factoring the left side or by using the quadratic
formula. Let’s factor the left side, getting

(y − 2)(y − 4) = 0.

Thus y = 2 or y = 4 (the same result could
have been obtained by using the quadratic
formula).
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Substituting x1/3 for y now shows that x1/3 =
2 or x1/3 = 4. Thus x = 23 or x = 43. In other
words, x = 8 or x = 64.

45. x4 − 3x2 = 10

solution This equation involves x2 and x4;
thus we make the substitution x2 = y . Squar-
ing both sides of the equation x2 = y gives
x4 = y2. Making these substitutions and sub-
tracting 10 from both sides, we have

y2 − 3y − 10 = 0.

This new equation can now be solved either by
factoring the left side or by using the quadratic
formula. Let’s factor the left side, getting

(y − 5)(y + 2) = 0.

Thus y = 5 or y = −2 (the same result could
have been obtained by using the quadratic for-
mula).

Substituting x2 for y now shows that x2 = 5
or x2 = −2. The first of these equations im-
plies that x = √5 or x = −√5; the second equa-
tion is not satisfied by any real value of x. In
other words, the original equation implies that
x = √5 or x = −√5.

47. Suppose x is a number such that 3x = 4. Evalu-
ate 3−2x .

solution 3−2x = (3x)−2

= 4−2

= 1
42

= 1
16

49. Suppose x is a number such that 2x = 5. Evalu-
ate 8x .

solution 8x = (23)x

= 23x

= (2x)3

= 53

= 125

For Exercises 51–56, evaluate the indicated quan-
tities assuming that f and g are the functions
defined by

f(x) = 2x and g(x) = x + 1

x + 2
.

51. (f ◦ g)(−1)

solution

(f ◦ g)(−1) = f (g(−1)
) = f(0) = 20 = 1

53. (f ◦ g)(0)

solution

(f ◦ g)(0) = f (g(0)) = f( 1
2 ) = 21/2 ≈ 1.414

55. (f ◦ f)( 1
2 )

solution

(f ◦ f)( 1
2 ) = f

(
f( 1

2 )
) = f(21/2)

≈ f(1.41421)

= 21.41421

≈ 2.66514

57. Find an integer m such that
(
(3+ 2

√
5)2 −m)2

is an integer.

solution First we evaluate (3+ 2
√

5)2:

(3+ 2
√

5)2 = 32 + 2 · 3 · 2 · √5+ 22 · √5
2

= 9+ 12
√

5+ 4 · 5

= 29+ 12
√

5.

Thus
(
(3+ 2

√
5)2 −m)2 = (29+ 12

√
5−m)2.

If we choose m = 29, then we have
(
(3+ 2

√
5)2 −m)2 = (12

√
5)2

= 122 · √5
2

= 122 · 5,

which is an integer. Any choice other than
m = 29 will leave a term involving

√
5 when

(29+ 12
√

5−m)2 is expanded. Thus m = 29 is
the only solution to this exercise.
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3.2 Logarithms as Inverses of Exponentiation

section objectives
By the end of this section you should

understand the definition of the logarithm with an arbitrary base;

understand the consequences of thinking of logarithms as inverse
functions;

be able to evaluate logarithms in simple cases;

understand the relationship between logarithms with different bases.

Logarithms Base 2

Consider the function f defined by f(x) = 2x . The domain of this function is
the set of real numbers, and the range of this function is the set of positive
numbers. The table shown here gives the value of f(x) for some choices
of x. Each time x increases by 1, the value of f(x) doubles; this happens
because 2x+1 = 2 · 2x .

x 2x

−3 1
8

−2 1
4

−1 1
2

0 1

1 2

2 4

3 8

The figure below shows part of the graph of f ; for convenience, the scales
on the two coordinate axes are not the same.

�3 �2 �1 1 2 3
x

2

4

6

8

y

The graph of y = 2x on the
interval [−3,3].

The graph of y = 2x , as shown above, differs from the graph of y = x2,
which is a parabola. Recall that the square root function is the inverse of the
function x2 (with the domain of x2 restricted to [0,∞) in order to obtain a
one-to-one function). In this section we will define a new function, called the
logarithm base 2, that is the inverse of the function 2x .

y log2y
1
8 −3

1
4 −2

1
2 −1

1 0

2 1

4 2

8 3

Logarithm base 2

For each positive number y the logarithm base 2 of y , denoted log2y ,
is defined to be the number x such that 2x = y .

For example, log2 8 equals 3 because 23 = 8. Similarly, log2
1

32 = −5
because 2−5 = 1

32 . The table here gives the value of log2y for some choices
of y . To help your understanding of logarithms, you should verify that each
value of log2y given here is correct.
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The definition of log2y as the number such that

2log2 y = y

means that if f is the function defined by f(x) = 2x , then the inverse func-
tion of f is given by the formula f−1(y) = log2y . Thus the table shown
above giving values of log2y is obtained by interchanging the two columns
of the earlier table giving the values of 2x , as always happens with a function
and its inverse.

Because a function and its inverse interchange domains and ranges, the
domain of the function f−1 defined by f−1(y) = log2y is the set of posi- “Algebra as far as the

quadratic equation
and the use of loga-
rithms are often of
value.”
—Thomas Jefferson

tive numbers, and the range of this function is the set of real numbers. An
expression such as log2 0 makes no sense because there does not exist a
number x such that 2x = 0.

The figure below shows part of the graph of log2 x. Because the function
log2 x is the inverse of the function 2x , this graph is the reflection of the
graph of 2x through the line y = x.

1 2 3 4 5 6 7 8
x

�3

�2

�1

1

2

3

y

The graph of log2 x on the
interval [1

8 ,8].

The graph above shows that log2 x is an increasing function. This behav-
ior is expected, because 2x is an increasing function and the inverse of an
increasing function is increasing.

If x is a real number, then by definition of the logarithm the equation
log2 2x = t means that 2t = 2x , which implies that t = x. In other words,

log2 2x = x.

If f(x) = 2x , then f−1(y) = log2y and the equation displayed above could
be rewritten as (f−1 ◦ f)(x) = x, which is an equation that always holds for
a function and its inverse.

Logarithms with Arbitrary Base

We now take up the topic of defining logarithms with bases other than 2. No
new ideas are needed for this more general situation—we will simply replace
2 by an arbitrary positive number b �= 1. Here is the formal definition:
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Logarithms

Suppose b and y are positive numbers, with b �= 1.

• The logarithm base b of y , denoted logb y , is defined to be the
number x such that bx = y .

• Short version: logb y = x means bx = y .

example 1 Evaluate log10 100+ log3
1

81 .

The base b = 1 is
excluded because

1x = 1 for every
real number x.

solution Note that log10 100 equals 2 because 102 = 100. Also, log3
1

81 equals −4
because 3−4 = 1

81 . Thus

log10 100+ log3
1

81 = 2+ (−4) = −2.

Two important identities follow immediately from the definition:

The logarithm of 1 and the logarithm of the base

If b is a positive number with b �= 1, then

• logb 1 = 0;

• logb b = 1.

The first of these identities holds because b0 = 1; the second holds because
b1 = b.

The definition of logb y as the number such that

blogb y = y

means that if f is the function defined by f(x) = bx (here we have fixed a
positive number b �= 1), then the inverse function of f is given by the formula
f−1(y) = logb y . The equation displayed above could be written in the form
(f ◦ f−1)(y) = y , which is an equation that always holds for a function
and its inverse. Because a function and its inverse interchange domains and
ranges, the domain of the function f−1 defined by f−1(y) = logb y is the setIf y ≤ 0, then logb y

is not defined. of positive numbers, and the range of this function is the set of real numbers.
Because the function logb x is the inverse of the function bx , the graph of

logb x is the reflection of the graph of bx through the line y = x. For b > 1,
the shape of the graph of logb x is similar to the shape of the graph of log2 x
obtained earlier.

If b > 1, then logb x is an increasing function; this occurs because bx is an
increasing function and the inverse of an increasing function is increasing.
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If b < 1, then logb x is an decreasing function because in that case bx is a Most applications of
logarithms involve
bases bigger than 1.

decreasing function.
If x is a real number, then by definition of the logarithm the equation

logb bx = t means that bt = bx , which implies that t = x. In other words,

logb bx = x.

If f(x) = bx , then f−1(y) = logb y and the equation displayed above could
be rewritten as (f−1 ◦ f)(x) = x, which is an equation that always holds for
a function and its inverse.

Because the last two displayed equations are so crucial to working with
logarithms, they are summarized below. Be sure that you are comfortable
with these equations and understand why they hold.

Inverse properties of logarithms

If b and y are positive numbers, with b �= 1, and x is a real number, then

blogb y = y and logb bx = x.

In applications of logarithms, the most commonly used values for the base

John Napier, the Scottish
mathematician who
invented logarithms

around 1614.

are 10, 2, and the number e (which we will discuss in Chapter 4). The use of
a logarithm with base 10 is so frequent that it gets a special name:

Common logarithm

• The logarithm base 10 is called the common logarithm.

• To simplify notation, sometimes logarithms base 10 are written
without the base. If no base is displayed, then the base is assumed
to be 10. In other words,

logy = log10y.

Thus, for example, log 1000 = 3 (because 103 = 1000) and log 1
100 = −2

(because 10−2 = 1
100 ). If your calculator has a button labeled “log”, then it

will compute the logarithm base 10, which is often just called the logarithm.

Change of Base

If we want to use a calculator to evaluate something like log2 73.9, then we
need a formula for converting logarithms from one base to another. Thus
we now consider the relationship between logarithms with different bases.

To motivate the formula we will discover, first we look at an example. Note
that log2 64 = 6 because 26 = 64, and log8 64 = 2 because 82 = 64. Thus

log2 64 = 3 log8 64.
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The relationship above holds if 64 is replaced by an arbitrary positive
number y . To see this, note that

y = 8log8 y

= (23)log8 y

= 23 log8 y,

which implies that
log2y = 3 log8y.

In other words, the logarithm base 2 equals 3 times the logarithm base 8.
Note that 3 = log2 8.

The relationship derived above holds more generally. To see this, supposeYour calculator can
probably evaluate log-

arithms for only two
bases. One of these
is probably the log-
arithm base 10 (the
common logarithm,

probably labeled “log”
on your calculator),

and the other is prob-
ably the logarithm

base e (this is the nat-
ural logarithm that

we will discuss in
the next chapter; it is
probably labeled “ln”

on your calculator).

a, b, and y are positive numbers, with a �= 1 and b �= 1. Then

y = blogb y

= (aloga b)
logb y

= a(loga b)(logb y).

The equation above implies that loga y = (loga b)(logb y). Solving this equa-
tion for logb y (so that both base a logarithms will be on the same side),
we have the following formula for converting logarithms from one base to
another:

Change of base for logarithms

If a, b, and y are positive numbers, with a �= 1 and b �= 1, then

logb y =
loga y
loga b

.

A special case of this formula, suitable for use with calculators, is to take
a = 10, thus using common logarithms and getting the following formula:

Change of base with common logarithms

If b and y are positive numbers, with b �= 1, then

logb y =
logy
logb

.
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example 2Evaluate log2 73.9.

solution Use a calculator with b = 2 and y = 73.9 in the formula above, getting

log2 73.9 = log 73.9
log 2

≈ 6.2075.

The change of base formula for logarithms implies that the graph of the
logarithm using any base can be obtained from vertically stretching the graph
of the logarithm using any other base, as shown in the following example.

example 3Sketch the graphs of log2 x and logx on the interval [ 1
8 ,8]. What is the relationship

between these two graphs?

solution The change of base formula implies that logx = (log 2)(log2 x). Because
log 2 ≈ 0.3, this means that the graph of logx is obtained from the graph of log2 x
(sketched earlier) by stretching vertically by a factor of approximately 0.3.

1 2 3 4 5 6 7 8
x

�3

�2

�1

1

2

3

y

The graphs of log2 x (blue)
and logx (red) on the
interval [ 1

8 ,8].

exercises

For Exercises 1–16, evaluate the indicated expres-
sion. Do not use a calculator for these exercises.

1. log2 64

2. log2 1024

3. log2
1

128

4. log2
1

256

5. log4 2

6. log8 2

7. log4 8

8. log8 128

9. log 10000

10. log 1
1000

11. log
√

1000

12. log 1√
10000

13. log2 83.1

14. log8 26.3

15. log16 32

16. log27 81

17. Find a number y such that log2y = 7.

18. Find a number t such that log2 t = 8.

19. Find a number y such that log2y = −5.

20. Find a number t such that log2 t = −9.

For Exercises 21–28, find a number b such that
the indicated equality holds.

21. logb 64 = 1

22. logb 64 = 2

23. logb 64 = 3

24. logb 64 = 6

25. logb 64 = 12

26. logb 64 = 18

27. logb 64 = 3
2

28. logb 64 = 6
5
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29. Find a number x such that log3(5x + 1) = 2.

30. Find a number x such that log4(3x + 1) = −2.

31. Find a number x such that 13 = 102x .

32. Find a number x such that 59 = 103x .

33. Find a number t such that

10t + 1
10t + 2

= 0.8.

34. Find a number t such that

10t + 3.8
10t + 3

= 1.1.

35. Find a number x such that

102x + 10x = 12.

36. Find a number x such that

102x − 3 · 10x = 18.

For Exercises 37–54, find a formula for the in-
verse function f−1 of the indicated function f .

37. f(x) = 3x

38. f(x) = 4.7x

39. f(x) = 2x−5

40. f(x) = 9x+6

41. f(x) = 6x + 7

42. f(x) = 5x − 3

43. f(x) = 4 · 5x

44. f(x) = 8 · 7x

45. f(x) = 2 · 9x + 1

46. f(x) = 3 · 4x − 5

47. f(x) = log8 x

48. f(x) = log3 x

49. f(x) = log4(3x + 1)

50. f(x) = log7(2x − 9)

51. f(x) =
5+ 3 log6(2x + 1)

52. f(x) =
8+ 9 log2(4x − 7)

53. f(x) = logx 13

54. f(x) = log5x 6

For Exercises 55–58, find a formula for (f ◦ g)(x)
assuming that f and g are the indicated
functions.

55. f(x) = log6 x and g(x) = 63x

56. f(x) = log5 x and g(x) = 53+2x

57. f(x) = 63x and g(x) = log6 x

58. f(x) = 53+2x and g(x) = log5 x

59. Find a number n such that log3(log5n) = 1.

60. Find a number n such that log3(log2n) = 2.

61. Find a number m such that log7(log8m) = 2.

62. Find a number m such that log5(log6m) = 3.

For Exercises 63–70, evaluate the indicated quan-
tities. Your calculator is unlikely to be able to
evaluate logarithms using any of the bases in
these exercises, so you will need to use an appro-
priate change of base formula.

63. log2 13

64. log4 27

65. log13 9.72

66. log17 12.31

67. log9 0.23

68. log7 0.58

69. log4.38 7.1

70. log5.06 99.2

problems

71. Explain why log3 100 is between 4 and 5.

72. Explain why log40 3 is between 1
4 and 1

3 .

73. Show that log2 3 is an irrational number.
[Hint: Use proof by contradiction: Assume that
log2 3 is equal to a rational number m

n ; write
out what this means, and think about even and
odd numbers.]

74. Show that log 2 is irrational.

75. Explain why logarithms with base 0 are not de-
fined.

76. Explain why logarithms with a negative base are
not defined.

77. Explain why log5

√
5 = 1

2 .

78. Suppose a and b are positive numbers, with
a �= 1 and b �= 1. Show that

loga b =
1

logb a
.

79. Suppose b and y are positive numbers, with
b �= 1 and b �= 1

2 . Show that

log2b y =
logb y

1+ logb 2
.
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worked-out solutions to Odd-numbered Exercises

For Exercises 1–16, evaluate the indicated expres-
sion. Do not use a calculator for these exercises.

1. log2 64

solution If we let x = log2 64, then x is the
number such that

64 = 2x.

Because 64 = 26, we see that x = 6. Thus
log2 64 = 6.

3. log2
1

128

solution If we let x = log2
1

128 , then x is the
number such that

1
128 = 2x.

Because 1
128 = 1

27 = 2−7, we see that x = −7.
Thus log2

1
128 = −7.

5. log4 2

solution Because 2 = 41/2, we have log4 2 =
1
2 .

7. log4 8

solution Because 8 = 2 · 4 = 41/2 · 4 = 43/2,
we have log4 8 = 3

2 .

9. log 10000

solution log 10000 = log 104

= 4

11. log
√

1000

solution log
√

1000 = log 10001/2

= log (103)1/2

= log 103/2

= 3
2

13. log2 83.1

solution log2 83.1 = log2 (23)3.1

= log2 29.3

= 9.3

15. log16 32

solution log16 32 = log16 25

= log16 (24)5/4

= log16 165/4

= 5
4

17. Find a number y such that log2y = 7.

solution The equation log2y = 7 implies
that

y = 27 = 128.

19. Find a number y such that log2y = −5.

solution The equation log2y = −5 implies
that

y = 2−5 = 1
32 .

For Exercises 21–28, find a number b such that
the indicated equality holds.

21. logb 64 = 1

solution The equation logb 64 = 1 implies
that

b1 = 64.

Thus b = 64.

23. logb 64 = 3

solution The equation logb 64 = 3 implies
that

b3 = 64.

Because 43 = 64, this implies that b = 4.

25. logb 64 = 12

solution The equation logb 64 = 12 implies
that

b12 = 64.

Thus
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b = 641/12

= (26)1/12

= 26/12

= 21/2

= √2.

27. logb 64 = 3
2

solution The equation logb 64 = 3
2 implies

that
b3/2 = 64.

Raising both sides of this equation to the 2/3
power, we get

b = 642/3

= (26)2/3

= 24

= 16.

29. Find a number x such that log3(5x + 1) = 2.

solution The equation log3(5x + 1) = 2 im-
plies that 5x + 1 = 32 = 9. Thus 5x = 8, which
implies that x = 8

5 .

31. Find a number x such that 13 = 102x .

solution The equation 13 = 102x implies that
2x = log 13. Thus x = log 13

2 , which is approxi-
mately equal to 0.557.

33. Find a number t such that

10t + 1
10t + 2

= 0.8.

solution Multiplying both sides of the equa-
tion above by 10t + 2, we get

10t + 1 = 0.8 · 10t + 1.6.

Solving this equation for 10t gives 10t = 3,
which means that t = log 3 ≈ 0.477121.

35. Find a number x such that

102x + 10x = 12.

solution Note that 102x = (10x)2. This sug-
gests that we let y = 10x . Then the equation
above can be rewritten as

y2 +y − 12 = 0.

The solutions to this equation (which can be
found either by using the quadratic formula
or by factoring) are y = −4 and y = 3. Thus
10x = −4 or 10x = 3. However, there is no real
number x such that 10x = −4 (because 10x is
positive for every real number x), and thus we
must have 10x = 3. Thus x = log 3 ≈ 0.477121.

For Exercises 37–54, find a formula for the in-
verse function f−1 of the indicated function f .

37. f(x) = 3x

solution By definition of the logarithm, the
inverse of f is the function f−1 defined by

f−1(y) = log3y.

39. f(x) = 2x−5

solution To find a formula for f−1(y), we
solve the equation 2x−5 = y for x. This
equation means that x − 5 = log2y . Thus
x = 5+ log2y . Hence

f−1(y) = 5+ log2y.

41. f(x) = 6x + 7

solution To find a formula for f−1(y), we
solve the equation 6x + 7 = y for x. Subtract 7
from both sides, getting 6x = y − 7. This
equation means that x = log6(y − 7). Hence

f−1(y) = log6(y − 7).

43. f(x) = 4 · 5x

solution To find a formula for f−1(y), we
solve the equation 4 · 5x = y for x. Divide both
sides by 4, getting 5x = y

4 . This equation
means that x = log5

y
4 . Hence

f−1(y) = log5
y
4 .
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45. f(x) = 2 · 9x + 1

solution To find a formula for f−1(y), we
solve the equation 2 · 9x + 1 = y for x.
Subtract 1 from both sides, then divide both
sides by 2, getting 9x = y−1

2 . This equation
means that x = log9

y−1
2 . Hence

f−1(y) = log9
y−1

2 .

47. f(x) = log8 x

solution By the definition of the logarithm,
the inverse of f is the function f−1 defined by

f−1(y) = 8y.

49. f(x) = log4(3x + 1)

solution To find a formula for f−1(y), we
solve the equation

log4(3x + 1) = y
for x. This equation means that 3x + 1 = 4y .
Solving for x, we get x = 4y−1

3 . Hence

f−1(y) = 4y − 1
3

.

51. f(x) = 5+ 3 log6(2x + 1)

solution To find a formula for f−1(y), we
solve the equation

5+ 3 log6(2x + 1) = y
for x. Subtracting 5 from both sides and then
dividing by 3 gives

log6(2x + 1) = y − 5
3

.

This equation means that 2x + 1 = 6(y−5)/3.

Solving for x, we get x = 6(y−5)/3−1
2 . Hence

f−1(y) = 6(y−5)/3 − 1
2

.

53. f(x) = logx 13

solution To find a formula for f−1(y), we
solve the equation logx 13 = y for x. This
equation means that xy = 13. Raising both
sides to the power 1

y , we get x = 131/y . Hence

f−1(y) = 131/y .

For Exercises 55–58, find a formula for (f ◦ g)(x)
assuming that f and g are the indicated
functions.

55. f(x) = log6 x and g(x) = 63x

solution

(f ◦ g)(x) = f (g(x)) = f(63x) = log6 63x = 3x

57. f(x) = 63x and g(x) = log6 x

solution

(f ◦ g)(x) = f (g(x)) = f(log6 x)

= 63 log6 x = (6log6 x)
3 = x3

59. Find a number n such that log3(log5n) = 1.

solution The equation log3(log5n) = 1
implies that log5n = 3, which implies that
n = 53 = 125.

61. Find a number m such that log7(log8m) = 2.

solution The equation log7(log8m) = 2 im-
plies that

log8m = 72 = 49.
The equation above now implies that

m = 849.

For Exercises 63–70, evaluate the indicated quan-
tities. Your calculator is unlikely to be able to
evaluate logarithms using any of the bases in
these exercises, so you will need to use an appro-
priate change of base formula.

63. log2 13

solution log2 13 = log 13
log 2

≈ 3.70044

65. log13 9.72

solution log13 9.72 = log 9.72
log 13

≈ 0.88664

67. log9 0.23

solution log9 0.23 = log 0.23
log 9

≈ −0.668878

69. log4.38 7.1

solution log4.38 7.1 = log 7.1
log 4.38

≈ 1.32703
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3.3 Algebraic Properties of Logarithms

section objectives
By the end of this section you should

be able to use the formula for the logarithm of a product;

be able to use the formula for the logarithm of a quotient;

understand the connection between how many digits a number has and
the common logarithm of the number;

be able to use the formula for the logarithm of a power.

Logarithm of a Product

To motivate the formula for the logarithm of a product, we note that

log(102103) = log 105 = 5

and that
log 102 = 2 and log 103 = 3.

Putting these equations together, we see that

log(102103) = log 102 + log 103.

More generally, logarithms convert products to sums, as we will now show.
Suppose b, x, and y are positive numbers, with b �= 1. ThenNever, ever, make

the mistake of think-
ing that logb(x +y)

equals logb x + logb y .
There is no nice for-

mula for logb(x +y).

logb(xy) = logb(blogb x blogb y)

= logb blogb x+logb y

= logb x + logb y.

In other words, we have the following nice formula for the logarithm of a
product:

Logarithm of a product

If b, x, and y are positive numbers, with b �= 1, then

logb(xy) = logb x + logb y.

Never, ever, make the mistake of thinking that logb(xy) equals the product
(logb x)(logb y).
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example 1Use the information that log 3 ≈ 0.477 to evaluate log 30000.

solution log 30000 = log(104 · 3)

= log(104)+ log 3

= 4+ log 3

≈ 4.477.

Logarithm of a Quotient

As we have seen, the formula logb(xy) = logb x + logb y arises naturally
from the formula bsbt = bs+t . Similarly, we will use the formula bs/bt =
bs−t to derive a formula for the logarithm of a quotient. First we look at an
example.

To motivate the formula for the logarithm of a quotient, we note that

log
108

103
= log 105 = 5

and that
log 108 = 8 and log 103 = 3.

Putting these equations together, we see that

log
108

103
= log 108 − log 103.

More generally, logarithms convert quotients to differences, as we will now
show.

Suppose b, x, and y are positive numbers, with b �= 1. Then

logb
x
y
= logb

blogb x

blogb y

= logb blogb x−logb y

= logb x − logb y.

In other words, we have the following formula for the logarithm of a quotient:

Never, ever, make
the mistake of think-
ing that logb(x −y)
equals logb x − logb y .
There is no nice for-
mula for logb(x −y).

Never, ever, make the
mistake of thinking
that logb

x
y equals

logb x
logb y

.

Logarithm of a quotient

If b, x, and y are positive numbers, with b �= 1, then

logb
x
y
= logb x − logb y.
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example 2 Use the information that log 7 ≈ 0.845to evaluate log 1000
7 .

solution log 1000
7 = log 1000− log 7

= 3− log 7

≈ 2.155

As a special case of the formula for the logarithm of a quotient, take x = 1
in the formula above for the logarithm of a quotient, getting

logb
1
y
= logb 1− logb y.

Recalling that logb 1 = 0, we get the following result:

Logarithm of a multiplicative inverse

If b and y are positive numbers, with b �= 1, then

logb
1
y
= − logb y.

Common Logarithms and the Number of Digits

Note that 101 is a two-digit number, 102 is a three-digit number, 103 is a four-
digit number, and so on. In general, 10n−1 is an n-digit number. Because
10n, which consists of 1 followed by n zeros, is the smallest positive integer
with n + 1 digits, we see that every integer in the interval [10n−1,10n) has
n digits. Because log 10n−1 = n − 1 and log 10n = n, this implies that an
n-digit positive integer has a logarithm in the interval [n− 1, n).

Digits and logarithms

The logarithm of an n-digit positive integer is in the interval [n− 1, n).

The conclusion above is often useful in making estimates. For example,

Logs have many uses, and
the word “log” has more

than one meaning.

without using a calculator we can see that the number 123456789, which has
nine digits, has a logarithm between 8 and 9 (the actual value is about 8.09).

The next example shows how to use the conclusion above to determine
the number of digits in a number from its logarithm.
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example 3Suppose M is a positive integer such that logM ≈ 73.1. How many digits does M
have?

solution Because 73.1 is in the interval [73,74), we can conclude that M is a Always round up the
logarithm of a num-
ber to determine the
number of digits.
Here logM ≈ 73.1 is
rounded up to show
that M has 74 digits.

74-digit number.

Logarithm of a Power

We will use the formula (br )t = btr to derive a formula for the logarithm of
a power. First we look at an example.

To motivate the formula for the logarithm of a power, we note that

An expression such
as log 1012 should
be interpreted to
mean log(1012), not
(log 10)12.

log (103)4 = log 1012 = 12 and log 103 = 3.

Putting these equations together, we see that

log (103)4 = 4 log 103.

More generally, logarithms convert exponentiation to multiplication, as we
will now show.

Suppose b and y are positive numbers, with b �= 1, and t is a real number.
Then

logb yt = logb (blogb y)
t

= logb bt logb y

= t logb y.

In other words, we have the following formula for the logarithm of a power:

Logarithm of a power

If b and y are positive numbers, with b �= 1, and t is a real number, then

logb yt = t logb y.

The next example shows a nice application of the formula above.

example 4How many digits does 35000 have?

solution We can answer this question by evaluating the common logarithm of Your calculator cannot
evaluate 35000. Thus
the formula for the
logarithm of a power
is needed even though
a calculator is being
used.

35000. Using the formula for the logarithm of a power and a calculator, we see that

log 35000 = 5000 log 3 ≈ 2385.61.

Thus 35000 has 2386 digits.
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In the era before calculators and computers existed, books of common
logarithm tables were frequently used to compute powers of numbers. As an
example of how this worked, consider how these books of logarithms would
have been used to evaluate 1.73.7. The key to performing this calculation is
the formula

log 1.73.7 = 3.7 log 1.7.

Let’s assume that we have a book that gives the logarithms of the numbersWith the advent of
calculators and com-
puters, books of log-
arithms have essen-

tially disappeared.
However, your calcula-
tor is using logarithms

and the formula
logb yt = t logb y

when you ask it to
evaluate an expres-
sion such as 1.73.7.

from 1 to 10 in increments of 0.001, meaning that the book gives the loga-
rithms of 1.001, 1.002, 1.003, and so on.

The idea is first to compute the right side of the equation above. To do
that, we would look in the book of logarithms, getting log 1.7 ≈ 0.230449.
Multiplying the last number by 3.7, we would conclude that the right side
of the equation above is approximately 0.852661. Thus, according to the
equation above, we have

log 1.73.7 ≈ 0.852661.

Hence we can evaluate 1.73.7 by finding a number whose logarithm equals
0.852661. To do this, we would look through our book of logarithms and
find that the closest match is provided by the entry showing that log 7.123 ≈
0.852663. Thus 1.73.7 ≈ 7.123.

Although nowadays logarithms rarely are used directly by humans for
computations such as evaluating 1.73.7, logarithms are used by your calcula-
tor for such computations. Logarithms also have important uses in calculus
and several other branches of mathematics. Furthermore, logarithms have
several practical uses—we will see some examples later in this chapter.

exercises

1. For x = 7 and y = 13, evaluate each of the
following:

(a) log(x +y) (b) logx + logy

[This exercise and the next one emphasize that
log(x +y) does not equal logx + logy .]

2. For x = 0.4 and y = 3.5, evaluate each of the
following:

(a) log(x +y) (b) logx + logy

3. For x = 3 and y = 8, evaluate each of the
following:

(a) log(xy) (b) (logx)(logy)

[This exercise and the next one emphasize that
log(xy) does not equal (logx)(logy).]

4. For x = 1.1 and y = 5, evaluate each of the
following:

(a) log(xy) (b) (logx)(logy)

5. For x = 12 and y = 2, evaluate each of the
following:

(a) log x
y (b)

logx
logy

[This exercise and the next one emphasize that
log x

y does not equal logx
logy .]

6. For x = 18 and y = 0.3, evaluate each of the
following:

(a) log x
y (b)

logx
logy
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7. For x = 5 and y = 2, evaluate each of the
following:

(a) logxy (b) (logx)y

[This exercise and the next one emphasize that
logxy does not equal (logx)y .]

8. For x = 2 and y = 3, evaluate each of the
following:

(a) logxy (b) (logx)y

9. Suppose N is a positive integer such that
logN ≈ 35.4. How many digits does N have?

10. Suppose k is a positive integer such that
logk ≈ 83.2. How many digits does k have?

11. Suppose m and n are positive integers such
that logm ≈ 32.1 and logn ≈ 7.3. How many
digits does mn have?

12. Suppose m and n are positive integers such
that logm ≈ 41.3 and logn ≈ 12.8. How many
digits does mn have?

13. Suppose m is a positive integer such that
logm ≈ 13.2. How many digits does m3 have?

14. Suppose M is a positive integer such that
logM ≈ 50.3. How many digits does M4 have?

15. Suppose loga = 118.7 and logb = 119.7. Evalu-
ate b

a .

16. Suppose loga = 203.4 and logb = 205.4. Evalu-
ate b

a .

17. Suppose y is such that log2y = 17.67. Evaluate
log2y100.

18. Suppose x is such that log6 x = 23.41. Evaluate
log6 x10.

For Exercises 19–32, evaluate the given quantities
assuming that

log3 x = 5.3 and log3 y = 2.1,

log4 u = 3.2 and log4 ν = 1.3.

19. log3(9xy)
20. log4(2uν)
21. log3

x
3y

22. log4
u
8ν

23. log3
√
x

24. log4
√
u

25. log3
1√y

26. log4
1√
ν

27. log3(x2y3)

28. log4(u3ν4)

29. log3
x3

y2

30. log4
u2

ν3

31. log9 x10

32. log2u100

For Exercises 33–40, find all numbers x that
satisfy the given equation.

33. log7(x + 5)− log7(x − 1) = 2

34. log4(x + 4)− log4(x − 2) = 3

35. log3(x + 5)+ log3(x − 1) = 2

36. log5(x + 4)+ log5(x + 2) = 2

37.
log6(15x)
log6(5x)

= 2

38.
log9(13x)
log9(4x)

= 2

39.
(
log(3x)

)
logx = 4

40.
(
log(6x)

)
logx = 5

For Exercises 41–44, find the number of digits in
the given number.

41. 74000

42. 84444

43. 6700 · 231000

44. 5999 · 172222

45. Find an integer k such that 18k has 357
digits.

46. Find an integer n such that 22n has 222
digits.

47. Find an integer m such that m1234 has 1991
digits.

48. Find an integer N such that N4321 has 6041
digits.

49. Find the smallest integer n such that
7n > 10100.

50. Find the smallest integer k such that
9k > 101000.

51. Find the smallest integer M such that
51/M < 1.01.

52. Find the smallest integer m such that
81/m < 1.001.

53. Suppose log8(log7m) = 5. How many digits
does m have?

54. Suppose log5(log9m) = 6. How many digits
does m have?

55. At the end of 2004, the largest known prime
number was 224036583−1. How many digits does
this prime number have?
[A prime number is an integer greater than 1
that has no divisors other than itself and 1.]

56. At the end of 2005, the largest known prime
number was 230402457−1. How many digits does
this prime number have?



254 chapter 3 Exponents and Logarithms

problems

57. Explain why

1+ logx = log(10x)

for every positive number x.

58. Explain why

2− logx = log 100
x

for every positive number x.

59. Explain why

(1+ logx)2 = log(10x2)+ (logx)2

for every positive number x.

60. Explain why

1+ logx
2

= log
√

10x

for every positive number x.

61. Pretend that you are living in the time before
calculators and computers existed, and that
you have a book showing the logarithms of
1.001, 1.002, 1.003, and so on, up to the loga-
rithm of 9.999. Explain how you would find the
logarithm of 457.2, which is beyond the range
of your book.

62. Explain why books of logarithm tables, which
were frequently used before the era of calcula-
tors and computers, gave logarithms only for
numbers between 1 and 10.

63. Explain why there does not exist an integer
m such that 67m has 9236 digits.

64. Derive the formula for the logarithm of a quo-
tient by applying the formula for the logarithm
of a product to logb(y · xy ).

[Sometimes seeing an alternative derivation can
help increase your understanding.]

65. Derive the formula logb
1
y = − logb y directly

from the formula 1/bt = b−t .
66. Without doing any calculations, explain why

the solutions to the equations in Exercises 37
and 38 are unchanged if we change the base
for all the logarithms in those exercises to any
positive number b �= 1.

67. Do a web search to find the largest currently
known prime number. Then calculate the num-
ber of digits in this number.
[The discovery of a new largest known prime
number usually gets some newspaper cover-
age, including a statement of the number of dig-
its. Thus you can probably find on the web the
number of digits in the largest currently known
prime number; you are asked here to do the cal-
culation to verify that the reported number of
digits is correct.]

68. Explain why expressing a large positive integer
in binary notation (base 2) should take approx-
imately 3.3 times as many digits as expressing
the same positive integer in standard decimal
notation (base 10).
[For example, this problem predicts that
5× 1012, which requires 13 digits to express in
decimal notation, should require approximately
13× 3.3 digits (which equals 42.9 digits) to ex-
press in binary notation. Expressing 5× 1012 in
binary notation actually requires 43 digits.]

worked-out solutions to Odd-numbered Exercises

1. For x = 7 and y = 13, evaluate each of the
following:

(a) log(x +y) (b) logx + logy

solution

(a) log(7+ 13) = log 20 ≈ 1.30103

(b) log 7+ log 13 ≈ 0.845098+ 1.113943

= 1.959041

3. For x = 3 and y = 8, evaluate each of the
following:

(a) log(xy) (b) (logx)(logy)
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solution

(a) log(3 · 8) = log 24 ≈ 1.38021

(b) (log 3)(log 8) ≈ (0.477121)(0.903090)

≈ 0.430883

5. For x = 12 and y = 2, evaluate each of the
following:

(a) log x
y (b)

logx
logy

solution

(a) log 12
2 = log 6 ≈ 0.778151

(b)
log 12
log 2

≈ 1.079181
0.301030

≈ 3.58496

7. For x = 5 and y = 2, evaluate each of the
following:

(a) logxy (b) (logx)y

solution

(a) log 52 = log 25 ≈ 1.39794

(b) (log 5)2 ≈ (0.69897)2 ≈ 0.48856

9. Suppose N is a positive integer such that
logN ≈ 35.4. How many digits does N have?

solution Because 35.4 is in the interval
[35,36), we can conclude that N is a 36-digit
number.

11. Suppose m and n are positive integers such
that logm ≈ 32.1 and logn ≈ 7.3. How many
digits does mn have?

solution Note that

log(mn) = logm+ logn

≈ 32.1+ 7.3

= 39.4.

Thus mn has 40 digits.

13. Suppose m is a positive integer such that
logm ≈ 13.2. How many digits does m3 have?

solution Note that

log(m3) = 3 logm ≈ 3× 13.2 = 39.6.

Because 39.6 is in the interval [39,40), we can
conclude that m3 is a 40-digit number.

15. Suppose loga = 118.7 and logb = 119.7. Evalu-
ate b

a .

solution Note that

log b
a = logb − loga

= 119.7− 118.7

= 1.

Thus b
a = 10.

17. Suppose y is such that log2y = 17.67. Evaluate
log2y100.

solution log2y100 = 100 log2y

= 100 · 17.67

= 1767

For Exercises 19–32, evaluate the given quantities
assuming that

log3 x = 5.3 and log3 y = 2.1,

log4 u = 3.2 and log4 ν = 1.3.

19. log3(9xy)

solution

log3(9xy) = log3 9+ log3 x + log3y

= 2+ 5.3+ 2.1

= 9.4

21. log3
x

3y

solution

log3
x

3y = log3 x − log3(3y)

= log3 x − log3 3− log3y

= 5.3− 1− 2.1

= 2.2
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23. log3
√
x

solution log3

√
x = log3 x1/2

= 1
2 log3 x

= 1
2 × 5.3

= 2.65

25. log3
1√y

solution log3
1√y = log3y−1/2

= − 1
2 log3y

= − 1
2 × 2.1

= −1.05

27. log3(x2y3)

solution

log3(x2y3) = log3 x2 + log3y3

= 2 log3 x + 3 log3y

= 2 · 5.3+ 3 · 2.1

= 16.9

29. log3
x3

y2

solution

log3
x3

y2
= log3 x3 − log3y2

= 3 log3 x − 2 log3y

= 3 · 5.3− 2 · 2.1

= 11.7

31. log9 x10

solution Because log3 x = 5.3, we see that
35.3 = x. This equation can be rewritten as(
91/2)5.3 = x, which can then be rewritten as

92.65 = x. In other words, log9 x = 2.65. Thus

log9 x10 = 10 log9 x = 26.5.

For Exercises 33–40, find all numbers x that
satisfy the given equation.

33. log7(x + 5)− log7(x − 1) = 2

solution Rewrite the equation as follows:

2 = log7(x + 5)− log7(x − 1)

= log7
x + 5
x − 1

.

Thus
x + 5
x − 1

= 72 = 49.

We can solve the equation above for x, getting
x = 9

8 .

35. log3(x + 5)+ log3(x − 1) = 2

solution Rewrite the equation as follows:

2 = log3(x + 5)+ log3(x − 1)

= log3

(
(x + 5)(x − 1)

)

= log3(x2 + 4x − 5).

Thus
x2 + 4x − 5 = 32 = 9,

which implies that

x2 + 4x − 14 = 0.

We can solve the equation above using the
quadratic formula, getting x = 3

√
2− 2 or

x = −3
√

2− 2. However, both x + 5 and x − 1
are negative if x = −3

√
2− 2; because the log-

arithm of a negative number is undefined, we
must discard this root of the equation above.
We conclude that the only value of x satisfying
the equation log3(x + 5)+ log3(x − 1) = 2 is
x = 3

√
2− 2.

37.
log6(15x)
log6(5x)

= 2

solution Rewrite the equation as follows:

2 = log6(15x)
log6(5x)

= log6 15+ log6 x
log6 5+ log6 x

.

Solving this equation for log6 x (the first step
in doing this is to multiply both sides by the
denominator log6 5+ log6 x), we get
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log6 x = log6 15− 2 log6 5

= log6 15− log6 25

= log6
15
25

= log6
3
5 .

Thus x = 3
5 .

39.
(
log(3x)

)
logx = 4

solution Rewrite the equation as follows:

4 = (log(3x)
)

logx

= (logx + log 3) logx

= (logx)2 + (log 3)(logx).

Letting y = logx, we can rewrite the equation
above as

y2 + (log 3)y − 4 = 0.

Use the quadratic formula to solve the equation
above for y , getting

y ≈ −2.25274 or y ≈ 1.77562.

Thus

logx ≈ −2.25274 or logx ≈ 1.77562,

which means that

x ≈ 10−2.25274 ≈ 0.00558807

or
x ≈ 101.77562 ≈ 59.6509.

For Exercises 41–44, find the number of digits in
the given number.

41. 74000

solution Using the formula for the logarithm
of a power and a calculator, we have

log 74000 = 4000 log 7 ≈ 3380.39.

Thus 74000 has 3381 digits.

43. 6700 · 231000

solution Using the formulas for the log-
arithm of a product and the logarithm of a
power, we have

log(6700 · 231000) = log 6700 + log 231000

= 700 log 6+ 1000 log 23

≈ 1906.43.

Thus 6700 · 231000 has 1907 digits.

45. Find an integer k such that 18k has 357
digits.

solution We want to find an integer k such
that

356 ≤ log 18k < 357.

Using the formula for the logarithm of a power,
we can rewrite the inequalities above as

356 ≤ k log 18 < 357.

Dividing by log 18 gives

356
log 18 ≤ k < 357

log 18 .

Using a calculator, we see that 356
log 18 ≈ 283.6

and 357
log 18 ≈ 284.4. Thus the only possible

choice is to take k = 284.

Again using a calculator, we see that

log 18284 = 284 log 18 ≈ 356.5.

Thus 18284 indeed has 357 digits.

47. Find an integer m such that m1234 has 1991
digits.

solution We want to find an integer m such
that

1990 ≤ logm1234 < 1991.

Using the formula for the logarithm of a power,
we can rewrite the inequalities above as

1990 ≤ 1234 logm < 1991.

Dividing by 1234 gives

1990
1234 ≤ logm < 1991

1234 .

Thus
101990/1234 ≤m < 101991/1234.

Using a calculator, we see that 101990/1234 ≈
40.99 and 101991/1234 ≈ 41.06. Thus the only
possible choice is to take m = 41.

Again using a calculator, we see that

log 411234 = 1234 log 41 ≈ 1990.18.

Thus 411234 indeed has 1991 digits.
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49. Find the smallest integer n such that
7n > 10100.

solution Suppose 7n > 10100. Taking the
common logarithm of both sides, we have

log 7n > log 10100,

which can be rewritten as

n log 7 > 100.

This implies that

n >
100
log 7

≈ 118.33.

The smallest integer that is bigger than 118.33
is 119. Thus we take n = 119.

51. Find the smallest integer M such that
51/M < 1.01.

solution Suppose 51/M < 1.01. Taking the
common logarithm of both sides, we have

log 51/M < log 1.01,

which can be rewritten as

log 5
M

< log 1.01.

This implies that

M >
log 5

log 1.01
≈ 161.7.

The smallest integer that is bigger than 161.7 is
162. Thus we take M = 162.

53. Suppose log8(log7m) = 5. How many digits
does m have?

solution The equation log8(log7m) = 5 im-
plies that

log7m = 85 = 32768.

The equation above now implies that

m = 732768.

To compute the number of digits that m has,
note that

logm = log 732768 = 32768 log 7 ≈ 27692.2.

Thus m has 27693 digits.

55. At the end of 2004, the largest known prime
number was 224036583−1. How many digits does
this prime number have?

solution To calculate the number of dig-
its in 224036583 − 1, we need to evaluate
log(224036583 − 1). However, 224036583 − 1 is
too large to evaluate directly on a calculator,
and no formula exists for the logarithm of the
difference of two numbers.

The trick here is to note that 224036583 and
224036583 − 1 have the same number of digits,
as we will now see. Although it is possible for a
number and the number minus 1 to have a dif-
ferent number of digits (for example, 100 and
99 do not have the same number of digits), this
happens only if the larger of the two numbers
consists of 1 followed by a bunch of 0’s and
the smaller of the two numbers consists of all
9’s. Here are three different ways to see that
this situation does not apply to 224036583 and
224036583 − 1 (pick whichever explanation seems
easiest to you): (a) 224036583 cannot end in a 0
because all positive integer powers of 2 end in
either 2, 4, 6, or 8; (b) 224036583 cannot end in a
0 because then it would be divisible by 5, but
224036583 is divisible only by integer powers of
2; (c) 224036583 − 1 cannot consist of all 9’s be-
cause then it would be divisible by 9, which is
not possible for a prime number.

Now that we know that 224036583 and
224036583−1 have the same number of digits, we
can calculate the number of digits by taking the
logarithm of 224036583 and using the formula for
the logarithm of a power. We have

log 224036583 = 24036583 log 2 ≈ 7235732.5.

Thus 224036583 has 7235733 digits; hence
224036583 − 1 also has 7235733 digits.
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3.4 Exponential Growth

section objectives
By the end of this section you should

understand the behavior of functions with exponential growth;

be able to model population growth;

be able to compute compound interest.

We begin this section with a story.

A Doubling Fable

A mathematician in ancient India invented the game of chess. Filled
with gratitude for the remarkable entertainment of this game, the King
offered the mathematician anything he wanted. The King expected the
mathematician to ask for rare jewels or a majestic palace.

But the mathematician asked only that he be given one grain of rice
for the first square on a chessboard, plus two grains of rice for the next
square, plus four grains for the next square, and so on, doubling the
amount for each square, until the 64th square on an 8-by-8 chessboard
had been reached. The King was pleasantly surprised that the mathe-
matician had asked for such a modest reward.

A bag of rice was opened, and first 1 grain was set aside, then 2, then
4, then 8, and so on. As the eighth square (the end of the first row of the
chessboard) was reached, 128 grains of rice were counted out, and the
King was secretly delighted to be paying such a small reward and also
wondering at the foolishness of the mathematician.

As the 16th square was reached, 32,768 grains of rice were counted
out, but this was still a small part of a bag of rice. But the 21st square
required a full bag of rice, and the 24th square required eight bags of rice.
This was more than the King had expected, but it was a trivial amount
because the royal granary contained about 200,000 bags of rice to feed
the kingdom during the coming winter.

As the 31st square was reached, over a thousand bags of rice were
required and were delivered from the royal granary. Now the King was
worried. By the 37th square, the royal granary was two-thirds empty. The
38th square would have required more bags of rice than were left, but the
King stopped the process and ordered that the mathematician’s head be
chopped off as a warning about the greed induced by exponential growth.

To understand why the mathematician’s seemingly modest request turned
out to be so extravagant, note that the nth square of the chessboard required
2n−1 grains of rice. These numbers start slowly but grow rapidly, as can be
seen in the table below:
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n 2n

10 1024
20 1048576
30 1073741824
40 1099511627776
50 1125899906842624
60 1152921504606846976

Powers of 2.

The 64th square of the chessboard would have required 263 grains of rice.
To get a rough estimate of the magnitude of this number, note that 210 =When estimating

large powers of 2,
approximating 210

by 1000 often simpli-
fies the calculation.

1024 ≈ 103. Thus

263 = 23 · 260 = 8 · (210)6 ≈ 8 · (103)6 = 8 · 1018 ≈ 1019.

If each large bag contains a million (which equals 106) grains of rice, then
the approximately 1019 grains of rice needed for the 64th square would have
required approximately 1019/106 bags of rice, or approximately 1013 bagsAs x gets large, 2x in-

creases much faster
than x2. For ex-

ample, 263 equals
9223372036854775808

but 632 equals
only 3969.

of rice. If we assume that ancient India had a population of about ten mil-
lion (which equals 107), then each resident would have had to produce about
1013/107 (which equals one million) bags of rice to satisfy the mathemati-
cian’s request for the 64th square of the chessboard. Because it would have
been impossible for each resident in India to produce a million bags of rice,
the mathematician should not have been surprised at losing his head.

Functions with Exponential Growth

The function f defined by f(x) = 2x is an example of what is called a func-
tion with exponential growth. Other examples of functions of exponential
growth are the functions g and h defined by g(x) = 3·5x and h(x) = 5·73x .
More generally, we have the following definition:

Exponential growth

A function f is said to have exponential growth if f is of the form

f(x) = cbkx,

where c and k are positive constants and b > 1.

Functions with exponential growth increase rapidly. In fact, every function
with exponential growth increases more rapidly than every polynomial, in the
sense that if f is a function with exponential growth and p is any polynomial,
then f(x) > p(x) for all sufficiently large x. For example, 2x > x1000 for all
x > 13747.

Functions with exponential growth increase so rapidly that graphing them
in the usual manner can display too little information. For example, consider
the function 9x on the interval [0,8]:
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1 2 3 4 5 6 7 8
x

10000 000

20000 000

30000 000

40000 000

y

The graph of 9x on the
interval [0,8].

In this graph, we cannot use the same scale on the x- and y-axes because 98

is larger than forty million. Due to the scale, the shape of the graph in the
interval [0,5] gives little insight into the behavior of the function there. For
example, this graph does not adequately distinguish between the values 92

(which equals 81) and 95 (which equals 59049).
Because the graphs of functions with exponential growth often do not pro-

vide sufficient visual information, data that is expected to have exponential
growth is often plotted by taking the logarithm of the data. The advantage
of this procedure is that if f is a function with exponential growth, then
the logarithm of f is a linear function. For example, if f(x) = 2x , then Here we are taking

the logarithm base
10, but the conclusion
about the linearity of
the logarithm of f
would hold regardless
of the base used for
the logarithm.

log f(x) = (log 2)x; thus the graph of log f is the line whose equation is
y = (log 2)x (which is the line through the origin with slope log 2).

More generally, if f(x) = cbkx , then

log f(x) = k(logb)x + log c.

Here k, logb, and log c are all constants; thus the function log f is indeed
linear.

For an example with real data, consider Moore’s Law, which is the term Moore’s Law is named
in honor of Gordon
Moore, co-founder of
Intel, who predicted in
1965 that computing
power would follow a
pattern of exponential
growth.

used to describe the observation that computing power roughly doubles ev-
ery 18 months. One standard measure of computing power is the number
of transistors used per integrated circuit; the logarithm of this quantity is
shown in the graph below for certain years between 1972 and 2000, with line
segments connecting the available data points:

1975 1980 1985 1990 1995 2000

4

5

6

7

8

The logarithm of the number
of transistors per integrated
circuit. Moore’s Law predicts
exponential growth of
computing power, which
would make this graph a line.
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The graph above of the logarithm of the number of transistors is roughlyIn 1972 an integrated
circuit had about 2500

transistors; by 2000
an integrated circuit

had about 42,000,000
transistors.

a line, as would be expected for a function with roughly exponential growth
(the data used here about the number of transistors comes from Intel, the
largest producer of integrated circuits used in computers).

Population Growth

Populations of various organisms, ranging from bacteria to humans, often
exhibit exponential growth. To illustrate this behavior, we will begin by con-
sidering bacteria. Bacteria are single-celled creatures that reproduce by ab-
sorbing some nutrients, growing, and then dividing in half—one bacterium
cell becomes two bacteria cells.

example 1 Suppose a colony of bacteria in a petri dish has 700 cells at 1 pm. These bacteria
reproduce at a rate that leads to doubling every three hours. How many bacteria
cells will be in the petri dish at 9 pm on the same day?

solution Because the number of bacteria cells doubles every three hours, at 4 pm
there will be 1400 cells, at 7 pm there will be 2800 cells, and so on. In other words, in
three hours the number of cells increases by a factor of two, in six hours the number
of cells increases by a factor of four, in nine hours the number of cells increases by a
factor of eight, and so on. More generally, in t hours there are t/3 doubling periods.
Hence in t hours the number of cells increases by a factor of 2t/3 and we should
have 700 · 2t/3 bacteria cells.

Thus at 9 pm, which is eight hours after 1 pm, our colony of bacteria should have
700 ·28/3 cells. However, this result should be thought of as an estimate rather than
as an exact count. Actually, 700·28/3 is an irrational number (approximately equal to
4444.7), which makes no sense when counting bacteria cells. Thus we might predict
that at 9 pm there would be about 4445 cells. Even better, because the real world
rarely strictly adheres to formulas, we might expect between 4400 and 4500 cells at
9 pm.

Although a function with exponential growth will often provide the bestBecause functions
with exponential

growth increase so
rapidly, they can be
used to model real
data for only lim-
ited time periods.

model for population growth for a certain time period, real population data
cannot exhibit exponential growth for excessively long time periods. For
example, the formula 700 · 2t/3 derived above for our colony of bacteria
predicts that after 10 days, which equals 240 hours, we would have about
1027 cells, which is far more than could fit in even a gigantic petri dish. The
bacteria would have run out of space and nutrients long before reaching this
population level.

Now we extend our example with bacteria to a more general situation.
Suppose a population doubles every d time units (here the time units might
be hours, days, years, or whatever unit is appropriate). Suppose also that at
some specific time t0 we know that the population is p0. At time t there have
been t−t0 time units since time t0. Thus at time t there have been (t−t0)/d
doubling periods, and hence the population increases by a factor of 2(t−t0)/d.
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This factor must be multiplied by the population at the starting time t0. In
other words, at time t we could expect a population of p0 · 2(t−t0)/d.

We summarize the exponential growth population model as follows:

Exponential growth and doubling

If a population doubles every d time units, then the function p modeling
this population growth is given by the formula

p(t) = p0 · 2(t−t0)/d,

where p0 is the population at time t0.

Human population data often follow patterns of exponential growth for
decades or centuries. The graph below shows the logarithm of the world
population for each year from 1950 to 2000:

The data for this
graph uses the mid-
year world population
as estimated by the
U.S. Census Bureau.

1960 1970 1980 1990 2000

9.4

9.5

9.6

9.7

9.8

The logarithm of the world
population each year from
1950 to 2000.

The graph above comes close to fitting on a line, as expected for the logarithm
of a function with exponential growth.

example 2The world population in mid-year 1950 was about 2.56 billion. During the period

World population is
now increasing at a
slower rate, doubling
about every 69 years.

1950–2000, world population increased at a rate that doubled the population ap-
proximately every 40 years.

(a) Find a formula that estimates the mid-year world population for 1950-2000.

(b) Using the formula from part (a), estimate the world population in mid-year 1955.

solution

(a) Using the formula and data above, we see that the mid-year world population
in the year y , expressed in billions, was approximately Here we are using y

rather than t as the
time variable.

2.56 · 2(y−1950)/40.

(b) Takingy = 1955 in the formula above gives the estimate that the mid-year world
population in 1955 was 2.56·2(1955−1950)/40 billion, which is approximately 2.79
billion. The actual value was about 2.78 billion; thus the formula has good
accuracy in this case.
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Compound Interest

The computation of compound interest involves functions with exponential
growth. We begin with a simple example.

example 3 Suppose you deposit $8000 in a bank account that pays 5% annual interest rate.
Assume that the bank pays interest once per year, at the end of each year, and that
each year you place the interest in a cookie jar for safekeeping.

(a) How much will you have (original amount plus interest) at the end of one year?

(b) How much will you have (original amount plus interest) at the end of two years?

(c) How much will you have (original amount plus interest) at the end of three years?

(d) How much will you have (original amount plus interest) at the end of m years?

solution

(a) Because 5% of $8000 is $400, at the end of the first year you will receive $400
interest. Thus the total amount you will have at the end of one year is $8400.

(b) You receive $400 in interest at the end of the second year, bringing the amount
in the cookie jar to $800 and the total amount to $8800.

(c) You receive $400 in interest at the end of the third year, bringing the amount
in the cookie jar to $1200 and the total amount to $9200.

(d) Because you receive $400 interest each year, at the end of m years the cookie
jar will contain 400m dollars. Thus the total amount you will have at the end
of m years is 8000+ 400m dollars.

The situation in the example above, where interest is paid only on the
original amount, is called simple interest. To generalize the example above,
we can replace the $8000 used in the example above with an arbitrary initial
amount P . Furthermore, we can replace the 5% annual interest rate withThe symbol P comes

from principal, which
is a fancy word for
the initial amount.

an arbitrary annual interest rate r , expressed as a number rather than as
a percent (thus 5% interest would correspond to r = 0.05). Each year the
interest received will be rP . Thus after m years the total interest received
will be rPm. Hence the total amount afterm years will be P+rPm. Factoring
out P from this expression, we have the following result:

Simple interest

If interest is paid once per year at annual interest rate r , with no interest
paid on the interest, then after m years an initial amount P grows to

P(1+ rm).

The expression P(1 + rm) that appears above is a linear function of m
(assuming that the principal P and the interest rate r are constant). Thus
when money grows with simple interest, linear functions arise naturally. We
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now turn to the more realistic situation of compound interest, meaning that
interest is paid on the interest.

example 4Suppose you deposit $8000 in a bank account that pays 5% annual interest rate.
Assume that the bank pays interest once per year, at the end of each year, and that
each year the interest is deposited in the bank account.

(a) How much will you have at the end of one year?

(b) How much will you have at the end of two years?

(c) How much will you have at the end of three years?

(d) How much will you have at the end of m years?

solution

(a) Because 5% of $8000 is $400, at the end of the first year you will receive $400
interest. Thus at the end of the first year the bank account will contain $8400.

(b) At the end of the second year you will receive as interest 5% of $8400, which
equals $420, which when added to the bank account gives a total of $8820.

(c) At the end of the third year you will receive as interest 5% of $8820, which equals
$441, which when added to the bank account gives a total of $9261.

(d) Note that each year the amount in the bank account increases by a factor of
1.05. At the end of the first year you will have

8000× 1.05

dollars (which equals $8400). At the end of two years, you will have the amount
above multiplied by 1.05, which equals

8000× 1.052

dollars (which equals $8820). At the end of three years, you will have the amount
above again multiplied by 1.05, which equals

8000× 1.053

dollars (which equals $9261). Afterm years, the original $8000 will have grown
to

8000× 1.05m

dollars.

The table below summarizes the data for the two methods of computing
interest that we have considered in the last two examples.

simple interest compound interest
year interest total interest total

initial amount $8000 $8000
1 $400 $8400 $400 $8400
2 $400 $8800 $420 $8820
3 $400 $9200 $441 $9261

Simple and compound interest, once per year, on $8000 at 5%.
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Note that after the first year in the table above, compound interest pro-
duces a higher total than simple interest. This happens because with com-
pound interest, interest in paid on the interest.

The compound interest computation done in part (d) of the last example
can be extended to more general situations. To generalize the example above,
we can replace the $8000 used in the example above with an arbitrary initial
amount P . Furthermore, we can replace the 5% annual interest rate with
an arbitrary annual interest rate r , expressed as a number rather than as a
percent. Each year the amount in the bank account increases by a factor of
1 + r . Thus at the end of the first year the initial amount P will grow to
P(1+ r). At the end of two years, this will have grown to P(1+ r)2. At the
end of three years, this will have grown to P(1+r)3. More generally, we have
the following result:

Compound interest, once per year

If interest is compounded once per year at annual interest rate r , then
after m years an initial amount P grows to

P(1+ r)m.

The expression P(1+ r)m that appears above has exponential growth as
a function of m (assuming that the principal P and the interest rate r are
constant). Thus we see that when money grows with compound interest,
functions with exponential growth arise naturally. Because functions with
exponential growth increase rapidly, compound interest can lead to large
amounts of money after long time periods.

example 5 In 1626 Dutch settlers supposedly purchased from Native Americans the island of

Little historical evi-
dence exists concern-

ing the alleged sale
of Manhattan. Most
of the stories about

this event should be
considered legends.

Today Manhattan con-
tains well-known New
York City landmarks

such as Times Square,
the Empire State Build-
ing, Wall Street, United

Nations headquar-
ters, and Carrie Brad-

shaw’s apartment.

Manhattan for $24. To determine whether or not this was a bargain, suppose $24
earned 7% per year (a reasonable rate for a real estate investment), compounded
once per year since 1626. How much would this investment be worth by 2009?

solution
Because 2009− 1626 = 383,
the formula above shows that
an initial amount of $24 earn-
ing 7% per year compounded
once per year would be worth

24(1.07)383

dollars in 2009. A calculator
shows that this is over four
trillion dollars, which is more
than the current assessed
value of all land in Manhattan.
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Interest is often compounded more than once per year. To see how this
works, we now modify an earlier example. In our new example, interest will
be paid and compounded twice per year rather than once per year. This
means that instead of 5% interest being paid at the end of each year, the
interest comes as two payments of 2.5% each year, with the 2.5% interest
payments made at the end of every six months.

example 6Suppose you deposit $8000 in a bank account that pays 5% annual interest rate,
compounded twice per year. How much will you have at the end of one year?

solution At the end of the first six months, interest of $200, which equals 2.5%
of $8000, will be deposited into the bank account; the bank account will then have
a total of $8200.

At the end of the second six months (in other words, at the end of the first year),
2.5% interest will be paid on the $8200 that was in the bank account for the previous
six months. Because 2.5% of $8200 equals $205, the bank account will have $8405
at the end of the first year.

In the example above, the $8405 in the bank account at the end of the first As usual with com-
pounding, the interest
on the interest adds to
the total.

year should be compared with the $8400 that would be in the bank account
if interest had been paid only at the end of the year. The extra $5 arises
because of the interest during the second six months on the interest earned
at the end of the first six months.

Instead of compounding interest twice per year, as in the previous exam-
ple, in the next example we will assume that interest will be compounded
four times per year. At 5% annual interest, this would mean that 1.25% in-
terest will be paid at the end of every three months.

example 7Suppose you deposit $8000 in a bank account that pays 5% annual interest rate,
compounded four times per year. How much will you have at the end of one year?

solution At the end of the first three months, interest of $100, which equals 1.25%
of $8000, will be deposited into the bank account; the bank account will then have
a total of $8100.

At the end of the second three months (in other words, at the end of six months),
1.25% interest will be paid on the $8100 that was in the bank account for the previous
three months. Because 1.25% of $8100 equals $101.25, the bank account will have
$8201.25 at the end of the first six months.

A similar calculation shows that the bank account will have $8303.77 at the end
of the first nine months and $8407.56 at the end of the first year.

Compare the results of the last two examples. Note that the bank account
will contain $8405 at the end of the first year if compounding twice per year
but $8407.56 if compounding four times per year.

If interest is compounded 12 times per year (at the end of each month),
then we can expect a higher total than when interest is compounded 4 times
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per year. The table below shows the growth of $8000 at 5% interest for three
years, with compounding either 1, 2, 4, or 12 times per year.More frequent com-

pounding leads to
higher total amounts

because more fre-
quent interest pay-

ments give more time
for interest to earn
on the interest. In

Chapter 4 we will dis-
cuss what happens

when interest is com-
pounded a huge num-
ber of times per year.

times compounded per year
year 1 2 4 12

initial amount $8000 $8000 $8000 $8000
1 $8400 $8405 $8408 $8409
2 $8820 $8831 $8836 $8840
3 $9261 $9278 $9286 $9292

The growth of
$8000 at 5%
interest, rounded
to the nearest
dollar.

To find a formula for how money grows when compounded more than
once per year, consider a bank account with annual interest rate r , com-
pounded twice per year. Thus every six months, the amount in the bank
account increases by a factor of 1 + r

2 . After m years, this will happen 2m
times. Thus an initial amount P will grow to P

(
1+ r

2

)2m
in m years.

More generally, suppose now that an annual interest rate r is compounded
n times per year. Then n times per year, the amount in the bank account
increases by a factor of 1 + r

n . After m years, this will happen nm times,
leading to the following result:

Compound interest, n times per year

If interest is compounded n times per year at annual interest rate r , then
after m years an initial amount P grows to

P
(
1+ r

n
)nm.

example 8 Suppose a bank account starting out with $8000 receives 5% annual interest, com-
pounded twelve times per year. How much will be in the bank account after three
years?

solution Take r = 0.05, n = 12,m = 3, and P = 8000 in the formula above, which
shows that after three years the amount in the bank account will be

8000
(
1+ 0.05

12

)12·3

dollars. A calculator shows that this amount is approximately $9292 (which is the
last entry in the table above).

Advertisements from financial institutions often list the “APY” that you
will earn on your money rather than the interest rate. The abbreviation “APY”
denotes “annual percentage yield”, which means the actual interest rate that
you would receive at the end of one year after compounding. For example,
if a bank is paying 5% annual interest, compounded once per month (as is
fairly common), then the bank can legally advertise that it pays an APY of
5.116%. Here the APY equals 5.116% because
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1.05116 = (1+ 0.05
12

)12.

In other words, at 5% annual interest compounded twelve times per year,
$1000 will grow to $1051.16. For a period of one year, this corresponds to
simple annual interest of 5.116%.

exercises

1. Without using a calculator or computer, give a
rough estimate of 283.

2. Without using a calculator or computer, give a
rough estimate of 2103.

3. Without using a calculator or computer, de-
termine which of the two numbers 2125 and
32 · 1036 is larger.

4. Without using a calculator or computer, deter-
mine which of the two numbers 2400 and 17100

is larger.
[Hint: Note that 24 = 16.]

For Exercises 5–8, suppose you deposit into a sav-
ings account one cent on January 1, two cents on
January 2, four cents on January 3, and so on,
doubling the amount of your deposit each day (as-
sume that you use an electronic bank that is open
every day of the year).

5. How much will you deposit on January 7?

6. How much will you deposit on January 11?

7. What is the first day that your deposit will
exceed $10,000?

8. What is the first day that your deposit will
exceed $100,000?

For Exercises 9–12, suppose you deposit into your
savings account one cent on January 1, three
cents on January 2, nine cents on January 3, and
so on, tripling the amount of your deposit each
day.

9. How much will you deposit on January 7?

10. How much will you deposit on January 11?

11. What is the first day that your deposit will
exceed $10,000?

12. What is the first day that your deposit will
exceed $100,000?

13. Suppose f(x) = 7 · 23x . Find a constant b such
that the graph of logb f has slope 1.

14. Suppose f(x) = 4 · 25x . Find a constant b such
that the graph of logb f has slope 1.

15. A colony of bacteria is growing exponen-
tially, doubling in size every 100 minutes. How
many minutes will it take for the colony of bac-
teria to triple in size?

16. A colony of bacteria is growing exponen-
tially, doubling in size every 140 minutes. How
many minutes will it take for the colony of bac-
teria to become five times its current size?

17. At current growth rates, the Earth’s popu-
lation is doubling about every 69 years. If this
growth rate were to continue, about how many
years will it take for the Earth’s population to
increase 50% from the present level?

18. At current growth rates, the Earth’s popu-
lation is doubling about every 69 years. If this
growth rate were to continue, about how many
years will it take for the Earth’s population
to become one-fourth larger than the current
level?

19. Suppose a colony of bacteria starts with 200
cells and triples in size every four hours.

(a) Find a function that models the popula-
tion growth of this colony of bacteria.

(b) Approximately how many cells will be in
the colony after six hours?

20. Suppose a colony of bacteria starts with 100
cells and triples in size every two hours.

(a) Find a function that models the popula-
tion growth of this colony of bacteria.

(b) Approximately how many cells will be in
the colony after one hour?

21. Suppose $700 is deposited in a bank account
paying 6% interest per year, compounded 52
times per year. How much will be in the bank
account at the end of 10 years?
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22. Suppose $8000 is deposited in a bank ac-
count paying 7% interest per year, compounded
12 times per year. How much will be in the
bank account at the end of 100 years?

23. Suppose a bank account paying 4% inter-
est per year, compounded 12 times per year,
contains $10,555 at the end of 10 years. What
was the initial amount deposited in the bank
account?

24. Suppose a bank account paying 6% inter-
est per year, compounded four times per year,
contains $27,707 at the end of 20 years. What
was the initial amount deposited in the bank
account?

25. Suppose a savings account pays 6% inter-
est per year, compounded once per year. If
the savings account starts with $500, how long
would it take for the savings account to exceed
$2000?

26. Suppose a savings account pays 5% inter-
est per year, compounded four times per year.
If the savings account starts with $600, how
many years would it take for the savings ac-
count to exceed $1400?

27. Suppose a bank wants to advertise that
$1000 deposited in its savings account will
grow to $1040 in one year. This bank com-
pounds interest 12 times per year. What annual
interest rate must the bank pay?

28. Suppose a bank wants to advertise that
$1000 deposited in its savings account will
grow to $1050 in one year. This bank com-
pounds interest 365 times per year. What an-
nual interest rate must the bank pay?

29. An advertisement for real estate published
in the 28 July 2004 electronic edition of the
New York Times states:

Did you know that the percent in-
crease of the value of a home in Man-
hattan between the years 1950 and
2000 was 721%? Buy a home in Man-
hattan and invest in your future.

Suppose that instead of buying a home in Man-
hattan in 1950, someone had invested money
in a bank account that compounds interest
four times per year. What annual interest rate
would the bank have to pay to equal the growth
claimed in the ad?

30. Suppose that instead of buying a home in
Manhattan in 1950, someone had invested
money in a bank account that compounds in-
terest once per month. What annual interest
rate would the bank have to pay to equal the
growth claimed in the ad from the previous ex-
ercise?

31. Suppose f is a function with exponential
growth such that

f(1) = 3 and f(2) = 4.

Evaluate f(3).

32. Suppose f is a function with exponential
growth such that

f(3) = 2 and f(4) = 7.

Evaluate f(5).

problems

33. Explain how you would use a calculator to
verify that

213746 < 137461000

but
213747 > 137471000,

and then actually use a calculator to verify both
these inequalities.
[The numbers involved in these inequalities have
over four thousand digits. Thus some cleverness
in using your calculator is required.]

34. Show that

210n = (1.024)n103n.

[This equality leads to the approximation
210n ≈ 103n.]

35. Show that if f is a function with exponential
growth, then so is the square root of f . More
precisely, show that if f is a function with ex-
ponential growth, then so is the function g de-

fined by g(x) =
√
f(x).
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36. Explain why every function f with exponential
growth can be represented by a formula of the
form f(x) = cbx for appropriate choices of c
and b.

37. Explain why every function f with exponential
growth can be represented by a formula of the
form f(x) = c · 2kx for appropriate choices of
c and k.

38. Find at least three newspaper articles that use
the word “exponentially” (the easiest way to do
this is to use the web site of a newspaper that
allows searches of its articles). For each use
of the word “exponentially” that you find in a
newspaper article, discuss whether the word is
used in its correct mathematical sense.

[In a recent year the word “exponentially” ap-
peared 87 times in the New York Times.]

39. Suppose a bank pays annual interest rate r ,
compounded n times per year. Explain why the
bank can advertise that its APY equals

(
1+ r

n
)n − 1.

40. Find an advertisement in a newspaper or
web site that gives the interest rate (before
compounding), the frequency of compound-
ing, and the APY. Determine whether or not the
APY has been computed correctly.

worked-out solutions to Odd-numbered Exercises

1. Without using a calculator or computer, give a
rough estimate of 283.

solution

283 = 23 · 280 = 8 · 210·8 = 8 · (210)8

≈ 8 · (103)8 = 8 · 1024 ≈ 1025

3. Without using a calculator or computer, de-
termine which of the two numbers 2125 and
32 · 1036 is larger.

solution Note that

2125 = 25 · 2120

= 32 · (210)12

> 32 · (103)12

= 32 · 1036.

Thus 2125 is larger than 32 · 1036.

For Exercises 5–8, suppose you deposit into a sav-
ings account one cent on January 1, two cents on
January 2, four cents on January 3, and so on,
doubling the amount of your deposit each day (as-
sume that you use an electronic bank that is open
every day of the year).

5. How much will you deposit on January 7?

solution On the nth day, 2n−1 cents are de-
posited. Thus on January 7, the amount de-
posited is 26 cents. In other words, $0.64 will
be deposited on January 7.

7. What is the first day that your deposit will
exceed $10,000?

solution On the nth day, 2n−1 cents are de-
posited. Because $10,000 equals 106 cents, we
need to find the smallest integer n such that

2n−1 > 106.

We can do a quick estimate by noting that

106 = (103)2 < (210)2 = 220.

Thus taking n− 1 = 20, which is equivalent to
taking n = 21, should be close to the correct
answer.

To be more precise, note that the inequality
2n−1 > 106 is equivalent to the inequality

log 2n−1 > log 106,

which can be rewritten as

(n− 1) log 2 > 6.

Dividing both sides by log 2 and then adding 1
to both sides shows that this is equivalent to

n > 1+ 6
log 2

.
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A calculator shows that 1+ 6
log 2 ≈ 20.9. Because

21 is the smallest integer bigger than 20.9, Jan-
uary 21 is the first day that the deposit will
exceed $10,000.

For Exercises 9–12, suppose you deposit into your
savings account one cent on January 1, three
cents on January 2, nine cents on January 3, and
so on, tripling the amount of your deposit each
day.

9. How much will you deposit on January 7?

solution On the nth day, 3n−1 cents are de-
posited. Thus on January 7, the amount de-
posited is 36 cents. Because 36 = 729, we con-
clude that $7.29 will be deposited on January 7.

11. What is the first day that your deposit will
exceed $10,000?

solution On the nth day, 3n−1 cents are de-
posited. Because $10,000 equals 106 cents, we
need to find the smallest integer n such that

3n−1 > 106.

This is equivalent to the inequality

log 3n−1 > log 106,

which can be rewritten as

(n− 1) log 3 > 6.

Dividing both sides by log 3 and then adding 1
to both sides shows that this is equivalent to

n > 1+ 6
log 3 .

A calculator shows that 1+ 6
log 3 ≈ 13.6. Because

14 is the smallest integer bigger than 13.6, Jan-
uary 14 is the first day that the deposit will
exceed $10,000.

13. Suppose f(x) = 7 · 23x . Find a constant b such
that the graph of logb f has slope 1.

solution Note that

logb f (x) = logb 7+ logb 23x

= logb 7+ 3(logb 2)x.

Thus the slope of the graph of logb f equals
3 logb 2, which equals 1 when logb 2 = 1

3 . Thus
b1/3 = 2, which means that b = 23 = 8.

15. A colony of bacteria is growing exponen-
tially, doubling in size every 100 minutes. How
many minutes will it take for the colony of bac-
teria to triple in size?

solution Let p(t) denote the number of cells
in the colony of bacteria at time t, where t is
measured in minutes. Then

p(t) = p02t/100,

where p0 is the number of cells at time 0. We
need to find t such that p(t) = 3p0. In other
words, we need to find t such that

p02t/100 = 3p0.

Dividing both sides of the equation above by
p0 and then taking the logarithm of both sides
gives

t
100 log 2 = log 3.

Thus t = 100 log 3
log 2 , which is approximately

158.496. Thus the colony of bacteria will triple
in size approximately every 158 minutes.

17. At current growth rates, the Earth’s popu-
lation is doubling about every 69 years. If this
growth rate were to continue, about how many
years will it take for the Earth’s population to
increase 50% from the present level?

solution Let p(t) denote the Earth’s popu-
lation at time t, where t is measured in years
starting from the present. Then

p(t) = p02t/69,

where p0 is the present population of the Earth.
We need to find t such that p(t) = 1.5p0. In
other words, we need to find t such that

p02t/69 = 1.5p0.

Dividing both sides of the equation above by
p0 and then taking the logarithm of both sides
gives

t
69 log 2 = log 1.5.

Thus t = 69 log 1.5
log 2 , which is approximately 40.4.

Thus the Earth’s population, at current growth
rates, would increase by 50% in approximately
40.4 years.
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19. Suppose a colony of bacteria starts with 200
cells and triples in size every four hours.

(a) Find a function that models the popula-
tion growth of this colony of bacteria.

(b) Approximately how many cells will be in
the colony after six hours?

solution

(a) Let p(t) denote the number of cells in the
colony of bacteria at time t, where t is mea-
sured in hours. We know that p(0) = 200. In t
hours, there are t/4 tripling periods; thus the
number of cells increases by a factor of 3t/4.
Hence

p(t) = 200 · 3t/4.

(b) After six hours, we could expect that there
would be p(6) cells of bacteria. Using the equa-
tion above, we have

p(6) = 200 · 36/4 = 200 · 33/2 ≈ 1039.

21. Suppose $700 is deposited in a bank account
paying 6% interest per year, compounded 52
times per year. How much will be in the bank
account at the end of 10 years?

solution With interest compounded 52 times
per year at 6% per year, after 10 years $700 will
grow to

$700
(
1+ 0.06

52

)52·10 ≈ $1275.

23. Suppose a bank account paying 4% inter-
est per year, compounded 12 times per year,
contains $10,555 at the end of 10 years. What
was the initial amount deposited in the bank
account?

solution Let P denote the initial amount de-
posited in the bank account. With interest com-
pounded 12 times per year at 4% per year, after
10 years P dollars will grow to

P
(
1+ 0.04

12

)12·10

dollars, which we are told equals $10,555. Thus
we need to solve the equation

P
(
1+ 0.04

12

)120 = $10,555.

The solution to this equation is

P = $10,555/
(
1+ 0.04

12

)120 ≈ $7080.

25. Suppose a savings account pays 6% inter-
est per year, compounded once per year. If
the savings account starts with $500, how long
would it take for the savings account to exceed
$2000?

solution With 6% interest compounded once
per year, a savings account starting with $500
would have

500(1.06)m

dollars after m years. We want this amount to
exceed $2000, which means that

500(1.06)m > 2000.

Dividing both sides by 500 and then taking the
logarithm of both sides gives

m log 1.06 > log 4.

Thus

m >
log 4

log 1.06
≈ 23.8.

Because interest is compounded only once per
year, m needs to be an integer. The smallest
integer larger than 23.8 is 24. Thus it will take
24 years for the amount in the savings account
to exceed $2000.

27. Suppose a bank wants to advertise that
$1000 deposited in its savings account will
grow to $1040 in one year. This bank com-
pounds interest 12 times per year. What annual
interest rate must the bank pay?

solution Let r denote the annual interest
rate to be paid by the bank. At that interest
rate, compounded 12 times per year, in one
year $1000 will grow to

1000
(
1+ r

12

)12

dollars. We want this to equal $1040, which
means that we need to solve the equation

1000
(
1+ r

12

)12 = 1040.

To solve this equation, divide both sides by
1000 and then raise both sides to the power
1/12, getting

1+ r
12 = 1.041/12.
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Now subtract 1 from both sides and then multi-
ply both sides by 12, getting

r = 12(1.041/12 − 1) ≈ 0.0393.

Thus the annual interest should be approxi-
mately 3.93%.

29. An advertisement for real estate published
in the 28 July 2004 electronic edition of the
New York Times states:

Did you know that the percent in-
crease of the value of a home in Man-
hattan between the years 1950 and
2000 was 721%? Buy a home in Man-
hattan and invest in your future.

Suppose that instead of buying a home in Man-
hattan in 1950, someone had invested money
in a bank account that compounds interest
four times per year. What annual interest rate
would the bank have to pay to equal the growth
claimed in the ad?

solution An increase of 721% means that
the final value is 821% of the initial value. Let
r denote the interest rate the bank would have
to pay for the 50 years from 1950 to 2000 to
grow to 821% of the initial value. At that inter-
est rate, compounded four times per year, in 50
years an initial amount of P dollars grows to

P
(
1+ r

4

)4×50

dollars. We want this to equal 8.21 times the
initial amount, which means that we need to
solve the equation

P
(
1+ r

4

)200 = 8.21P.

To solve this equation, divide both sides by P
and then raise both sides to the power 1/200,
getting

1+ r
4 = 8.211/200.

Now subtract 1 from both sides and then multi-
ply both sides by 4, getting

r = 4(8.211/200 − 1) ≈ 0.0423.

Thus the annual interest would need to be ap-
proximately 4.23% to equal the growth claimed
in the ad.

[Note that 4.23% is not a particularly high re-
turn for a long-term investment, contrary to the
ad’s implication.]

31. Suppose f is a function with exponential
growth such that

f(1) = 3 and f(2) = 4.

Evaluate f(3).

solution Because f is a function with expo-
nential growth, there exist constants c, b, and k
such that

f(x) = cbkx.
Taking x = 1 and then x = 2 in the equation
above gives

cbk = f(1) = 3 and cb2k = f(2) = 4.

Dividing the second equation above by the first
equation, we get

bk = 4
3 .

Substituting this value for bk into the equa-
tion cbk = 3 and then solving for c shows that
c = 9

4 . Thus

f(x) = cbkx = c(bk)x = 9
4

( 4
3

)x.

Now
f(3) = 9

4

( 4
3

)3 = 16
3 .
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3.5 Additional Applications of Exponents and

Logarithms

section objectives
By the end of this section you should

understand how to model radioactive decay using half-life;

be able to use the logarithmic Richter magnitude for earthquake intensity;

be able to use the logarithmic decibel scale for sound;

be able to use the logarithmic apparent magnitude scale for stars.

Radioactive Decay and Half-Life

The graph of the function f defined by f(x) = 2−x shows that the values of
2−x (which equals 1/2x) decrease rapidly as x increases:

1 2 3 4 5 6 7
x

0.2

0.4

0.6

0.8

1.

y

The graph of 2−x

(which equals 1/2x)
on the interval [0,7].

Extending this graph to the interval [0,10] would provide little information
because the values of 2−x on the interval [7,10] are so close to 0 that the
graph there would appear to be in the x-axis.

More generally, a function f is said to have exponential decay if f is of
the form

f(x) = cb−kx,

where c and k are positive constants and b > 1. For example, taking c = 1,
b = 2, and k = 1, we have the function 2−x discussed in the paragraph above.

Functions with exponential decay provide the appropriate models for ra-
dioactive decay. For example, consider radon, which decays into polonium.
There is no known way to predict when a particular radon atom will decay
into polonium.

However, scientists have observed that starting with a large sample of Even a milligram of
radon will contain
a huge number of
atoms.

radon atoms, after 92 hours one-half of the radon atoms will decay into polo-
nium. After another 92 hours, one-half of the remaining radon atoms will
also decay into polonium. In other words, after 184 hours, only one-fourth
of the original radon atoms will be left. After another 92 hours, one-half of
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those remaining one-fourth of the original atoms will decay into polonium,
leaving only one-eighth of the original radon atoms after 276 hours.

After t hours, the number of radon atoms will be reduced by half t/92
times. Thus after t hours, the number of radon atoms left will equal the
original number of radon atoms divided by 2t/92. Here t need not be an
integer multiple of 92. For example, our formula predicts that after five hours
the original number of radon atoms will be divided by 25/92. A calculator
shows that 1

25/92 ≈ 0.963. Indeed, observations verify that after five hours a

Pioneering work on
radioactive decay was

done by Marie Curie, the
only person ever to win

Nobel Prizes in both
physics (1903) and
chemistry (1911).

sample of radon will contain 96.3% of the original number of radon atoms.
Because half of the atoms in any sample of radon will decay to polonium

in 92 hours, we say that radon has a half-life of 92 hours. Some radon atoms
exist for much less than 92 hours, and some radon atoms exist for much
longer than 92 hours. As we have seen, the number of radon atoms left in
an original sample after t hours is a function (of t) with exponential decay.

More generally, the half-life of a radioactive isotope is the length of time it
takes for half the atoms in a large sample of the isotope to decay. The table
below gives the approximate half-life for several radioactive isotopes (each
isotope number shown in the table gives the total number of protons and
neutrons in the variety of atom under consideration).

isotope half-life

neon-18 2 seconds
nitrogen-13 10 minutes
radon-222 92 hours
polonium-210 138 days
cesium-137 30 years
carbon-14 5730 years
plutonium-239 24,110 years
uranium-238 4.5 billion years

Half-life of some
radioactive isotopes.

If a radioactive isotope has a half-life of h time units (here the time units

Some of the isotopes
in this table are hu-
man creations that
do not exist in na-
ture. For example,

the nitrogen on Earth
is almost entirely

nitrogen-14 (7 pro-
tons and 7 neutrons),
which is not radioac-
tive and does not de-
cay. The nitrogen-13

listed here consists of
7 protons and 6 neu-

trons; it can be cre-
ated in a laboratory,
but it is radioactive

and half of it will de-
cay within 10 minutes.

might be seconds, minutes, hours, days, years, or whatever unit is appropri-
ate), then after t time units the number of atoms of this isotope is reduced
by half t/h times. Thus after t time units, the remaining number of atoms
of the radioactive isotope will equal the original number of atoms divided by
2t/h. Because 1

2t/h = 2−t/h, we have the following result:

Radioactive decay

If a radioactive isotope has half-life h, then the function modeling the
number of atoms in a sample of this isotope is

a(t) = a0 · 2−t/h,

where a0 is the number of atoms of the isotope in the sample at time 0.
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The radioactive decay of carbon-14 leads to a clever way of determining the
age of fossils, wood, and other remnants of plants and animals. Carbon-12,
by far the most common form of carbon on Earth, is not radioactive and does
not decay. Radioactive carbon-14 is produced regularly as cosmic rays hit
the upper atmosphere. Radioactive carbon-14 then filters down to the lower
atmosphere, where it is absorbed by all living organisms as part of the food
or photosynthesis cycle. Carbon-14 accounts for about 10−10 percent of the
carbon atoms in a living organism.

When an organism dies, it stops absorbing new carbon because it is no The 1960 Nobel Prize
in Chemistry was
awarded to Willard
Libby for his inven-
tion of this carbon-14
dating method.

longer eating or engaging in photosynthesis. Thus no new carbon-14 is ab-
sorbed. The radioactive carbon-14 in the organism then decays, with half of
it gone after 5730 years, as can be seen from the table above. By measuring
the amount of carbon-14 as a percentage of the total amount of carbon in
the remains of an organism, we can then determine how long ago it died.

example 1Suppose a cat skeleton found in an old well has a ratio of carbon-14 to carbon-12
that is 61% of the corresponding ratio for living organisms. Approximately how long
ago did the cat die?

solution If we let t denote the number of years since the cat died, then we have

The author’s cat.

0.61 = 2−t/5730.

To solve this equation for t, we take the logarithms of both sides, getting

log 0.61 = − t
5730

log 2.

Solving this equation for t, we get

t = −5730
log 0.61

log 2
≈ 4086.

Because there will be some errors in measuring the percentage of carbon-14 in
the cat skeleton, we should not produce such a precise-looking estimate. Thus we
might estimate that the skeleton is about 4100 years old. Or if we want to indicate
even less precision, we might say that the cat died about four thousand years ago.

Earthquakes and the Richter Scale

The intensity of an earthquake is measured by the size of the seismic waves
generated by the earthquake. These numbers vary across such a huge scale
that earthquakes are usually reported using the Richter magnitude scale,
which is a logarithmic scale using common logarithms (base 10).
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Richter magnitude scale

An earthquake with seismic waves of size S has Richter magnitude

log
S
S0
,

where S0 is the size of the seismic waves corresponding to what has been
declared to be an earthquake with Richter magnitude 0.

A few points will help clarify this definition:The size of the
seismic wave is
roughly propor-

tional to the amount
of ground shaking.

• The value of S0 was set in 1935 by the American seismologist Charles
Richter as approximately the size of the smallest seismic waves that
could be measured at that time.

• The units used to measure S and S0 do not matter (provided the same
units are used for S and S0) because any change in the scale of these
units disappears in the ratio S

S0
.

• An increase of earthquake intensity by a factor of 10 corresponds to an
increase of 1 in Richter magnitude, as can be seen from the equation

log
10S
S0

= log 10+ log
S
S0
= 1+ log

S
S0
.

example 2 The world’s most intense recorded earthquake struck Chile in 1960; it had Richter
magnitude 9.5. The most intense recorded earthquake in the United States struck
Alaska in 1964; it had Richter magnitude 9.2. Approximately how many times more
intense was the 1960 earthquake in Chile than the 1964 earthquake in Alaska?

solution Let SC denote the size of the seismic waves from the 1960 earthquake
in Chile and let SA denote the size of the seismic waves from the 1964 earthquake
in Alaska. Thus

9.5 = log
SC
S0

and 9.2 = log
SA
S0
.

Subtracting the second equation from the first equation, we get

0.3 = log
SC
S0
− log

SA
S0
= log

(SC
S0

/SA
S0

)
= log

SC
SA
.

Thus

As this example
shows, even small dif-
ferences in the Richter

magnitude can cor-
respond to large dif-
ferences in intensity.

SC
SA

= 100.3 ≈ 2.

In other words, the 1960 earthquake in Chile was approximately two times more
intense than the 1964 earthquake in Alaska.
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Sound Intensity and Decibels

The intensity of a sound is the amount of energy carried by the sound through
each unit of area. The human ear can perceive sound over an enormous range
of intensities. The ratio of the intensity of the sound level that causes pain
to the intensity of the quietest sound that we can hear is over one trillion.
Working with such large numbers can be inconvenient. Thus sound is usually
measured in decibels, which is a logarithmic scale using common logarithms.

Decibel scale for sound

A sound with intensity E has

10 log
E
E0

decibels, where E0 is the intensity of an extremely quiet sound at the
threshold of human hearing.

A few points will help clarify this definition: The factor of 10 that
appears in the defi-
nition of the decibel
scale can be a minor
nuisance. The “deci”
part of the name
“decibel” comes from
this factor of 10.

• The value of E0 is 10−12 watts per square meter.

• The intensity of sound is usually measured in watts per square meter,
but the units used to measure E and E0 do not matter (provided the
same units are used for E and E0) because any change in the scale of
these units disappears in the ratio E

E0
.

• Multiplying sound intensity by a factor of 10 corresponds to adding 10
to the decibel measurement, as can be seen from the equation

10 log
10E
E0

= 10 log 10+ 10 log
E
E0
= 10+ 10 log

E
E0
.

example 3Because of worries about potential hearing damage, France passed a law limiting
iPods and other MP3 players to a maximum possible volume of 100 decibels. As-
suming that normal conversation has a sound level of 65 decibels, how many more
times intense than normal conversation is the sound of an iPod operating at the
French maximum of 100 decibels?

solution Let EF denote the sound intensity of 100 decibels allowed in France and
let EC denote the sound intensity of normal conversation. Thus

100 = 10 log
EF
E0

and 65 = 10 log
EC
E0
.

Subtracting the second equation from the first equation, we get

35 = 10 log
EF
E0
− 10 log

EC
E0
.
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Thus

3.5 = log
EF
E0
− log

EC
E0

= log
(EF
E0

/ EC
E00

)
= log

EF
EC
.

Thus
EF
EC

= 103.5 ≈ 3162.

In other words, an iPod operating at the maximum legal French volume of 100 deci-
bels produces sound about three thousand times more intense than normal conver-
sation.

The increase in sound intensity by a factor of more than 3000 in the last
example is not as drastic as it seems because of how we perceive loudness:

Loudness

The human ear perceives each increase in sound by 10 decibels to be
a doubling of loudness (even though the sound intensity has actually
increased by a factor of 10).

example 4 By what factor has the loudness increased in going from normal speech at 65 decibels
to an iPod at 100 decibels?

solution Here we have an increase of 35 decibels, so we have had an increase of 10
decibels 3.5 times. Thus the perceived loudness has doubled 3.5 times, which means
that it has increased by a factor of 23.5. Because 23.5 ≈ 11, this means that an iPod
operating at 100 decibels seems about 11 times louder than normal conversation.

Star Brightness and Apparent Magnitude

The ancient Greeks divided the visible stars into six groups based on their
brightness. The brightest stars were called first magnitude stars. The next
brightest group of stars were called second magnitude stars, and so on, until
the sixth magnitude stars consisted of the barely visible stars.

About two thousand years later, astronomers made the ancient Greek star
magnitude scale more precise. The typical first magnitude stars were about
100 times brighter than the typical sixth magnitude stars. Because there
are five steps in going from the first magnitude to the sixth magnitude, this
means that with each magnitude the brightness should decrease by a factor
of 1001/5.Because 1001/5 ≈

2.512, each mag-
nitude is approxi-

mately 2.512 times
dimmer than the

previous magnitude.

Originally the scale was defined so that Polaris, the North Star, had magni-
tude 2. If we let b2 denote the brightness of Polaris, this would mean that a
third magnitude star has brightness b2/1001/5, a fourth magnitude star has
brightness b2/(1001/5)2, a fifth magnitude star has brightness b2/(1001/5)3,
and so on. Thus the brightness b of a star with magnitudem should be given
by the equation
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b = b2

(1001/5)(m−2) = b2100(2−m)/5 = b21002/5100−m/5 = b0100−m/5,

where b0 = b21002/5. If we divide both sides of the equation above by b0

and then take logarithms we get

log
b
b0
= log 100−m/5 = −m

5
log 100 = −2m

5
.

Solving this equation for m leads to the following definition:

Apparent magnitude

An object with brightness b has apparent magnitude

5
2

log
b0

b
,

where b0 is the brightness of an object with magnitude 0.

A few points will help clarify this definition:

• The term “apparent magnitude” is more accurate than “magnitude” be-
cause we are measuring how bright a star appears from Earth. A glowing
luminous star might appear dim from Earth because it is very far away.

• Although this apparent magnitude scale was originally set up for stars,
it can be applied to other objects such as the full moon.

• Although the value of b0 was originally set so that Polaris, the North
Star, would have apparent magnitude 2, the definition has changed
slightly. With the current definition of b0, Polaris has magnitude close
to 2 but not exactly equal to 2.

• The units used to measure brightness do not matter (provided the same
units are used for b and b0) because any change in the scale of these
units disappears in the ratio b0

b .

example 5With good binoculars you can see stars with apparent magnitude 9. The Hubble tele-

Because of the lack of
atmospheric interfer-
ence, the Hubble tele-
scope can see dimmer
stars than Earth-based
telescopes of the same
size.

scope, which is in orbit around the Earth, can detect stars with apparent magnitude
30. How much better is the Hubble telescope than binoculars, measured in terms of
the ratio of the brightness of stars that they can detect?

solution Let b9 denote the brightness of a star with apparent magnitude 9 and let
b30 denote the brightness of a star with apparent magnitude 30. Thus

9 = 5
2

log
b0

b9
and 30 = 5

2
log

b0

b30
.

Subtracting the first equation from the second equation, we get
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21 = 5
2

log
b0

b30
− 5

2
log

b0

b9
.

Thus
42
5
= log

b0

b30
− log

b0

b9
= log

( b0

b30

/b0

b9

)
= log

b9

b30
.

Thus
b9

b30
= 1042/5 = 108.4 ≈ 250,000,000.

Thus the Hubble telescope can detect stars 250 million times dimmer than stars we
can see with binoculars.

exercises

1. About how many hours will it take for a sample
of radon-222 to have only one-eighth as much
radon-222 as the original sample?

2. About how many minutes will it take for a sam-
ple of nitrogen-13 to have only one sixty-fourth
as much nitrogen-13 as the original sample?

3. About how many years will it take for a sam-
ple of cesium-137 to have only two-thirds as
much cesium-137 as the original sample?

4. About how many years will it take for a sam-
ple of plutonium-239 to have only 1% as much
plutonium-239 as the original sample?

5. Suppose a radioactive isotope is such that
one-fifth of the atoms in a sample decay after
three years. Find the half-life of this isotope.

6. Suppose a radioactive isotope is such that
five-sixths of the atoms in a sample decay after
four days. Find the half-life of this isotope.

7. Suppose the ratio of carbon-14 to carbon-12
in a mummified cat is 64% of the corresponding
ratio for living organisms. About how long ago
did the cat die?

8. Suppose the ratio of carbon-14 to carbon-12
in a fossilized wooden tool is 20% of the corre-
sponding ratio for living organisms. About how
old is the wooden tool?

9. How many more times intense is an earthquake
with Richter magnitude 7 than an earthquake
with Richter magnitude 5?

10. How many more times intense is an earthquake
with Richter magnitude 6 than an earthquake
with Richter magnitude 3?

11. The 1994 Northridge earthquake in Southern
California, which killed several dozen people,
had Richter magnitude 6.7. What would be the
Richter magnitude of an earthquake that was
100 times more intense than the Northridge
earthquake?

12. The 1995 earthquake in Kobe (Japan), which
killed over 6000 people, had Richter magnitude
7.2. What would be the Richter magnitude of
an earthquake that was 1000 times less intense
than the Kobe earthquake?

13. The most intense recorded earthquake in
the state of New York occurred in 1944; it
had Richter magnitude 5.8. The most intense
recorded earthquake in Minnesota occurred in
1975; it had Richter magnitude 5.0. Approxi-
mately how many times more intense was the
1944 earthquake in New York than the 1975
earthquake in Minnesota?

14. The most intense recorded earthquake in
Wyoming occurred in 1959; it had Richter
magnitude 6.5. The most intense recorded
earthquake in Illinois occurred in 1968; it had
Richter magnitude 5.3. Approximately how
many times more intense was the 1959 earth-
quake in Wyoming than the 1968 earthquake in
Illinois?

15. The most intense recorded earthquake in
Texas occurred in 1931; it had Richter magni-
tude 5.8. If an earthquake were to strike Texas
next year that was three times more intense
than the current record in Texas, what would
its Richter magnitude be?
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16. The most intense recorded earthquake in
Ohio occurred in 1937; it had Richter magni-
tude 5.4. If an earthquake were to strike Ohio
next year that was 1.6 times more intense than
the current record in Ohio, what would its
Richter magnitude be?

17. Suppose you whisper at 20 decibels and nor-
mally speak at 60 decibels.

(a) What is the ratio of the sound intensity of
your normal speech to the sound intensity
of your whisper?

(b) How many times louder does your normal
speech seem as compared to your whis-
per?

18. Suppose your vacuum cleaner makes a noise
of 80 decibels and you normally speak at 60
decibels.

(a) What is the ratio of the sound intensity of
your vacuum cleaner to the sound inten-
sity of your normal speech?

(b) How many times louder does your vacuum
cleaner seem as compared to your normal
speech?

19. Suppose an airplane taking off makes a
noise of 117 decibels and you normally speak
at 63 decibels.

(a) What is the ratio of the sound intensity of
the airplane to the sound intensity of your
normal speech?

(b) How many times louder does the airplane
seem than your normal speech?

20. Suppose your cell phone rings at a noise
of 74 decibels and you normally speak at 61
decibels.

(a) What is the ratio of the sound intensity of
your cell phone ring to the sound intensity
of your normal speech?

(b) How many times louder does your cell
phone ring seem than your normal
speech?

21. Suppose a television is playing softly at a
sound level of 50 decibels. What decibel level
would make the television sound eight times as
loud?

22. Suppose a radio is playing loudly at a sound
level of 80 decibels. What decibel level would
make the radio sound one-fourth as loud?

23. Suppose a motorcycle produces a sound
level of 90 decibels. What decibel level would
make the motorcycle sound one-third as loud?

24. Suppose a rock band is playing loudly at
a sound level of 100 decibels. What decibel
level would make the band sound three-fifths
as loud?

25. How many times brighter is a star with appar-
ent magnitude 2 than a star with apparent mag-
nitude 17?

26. How many times brighter is a star with appar-
ent magnitude 3 than a star with apparent mag-
nitude 23?

27. Sirius, the brightest star that can be seen
from Earth (not counting the sun), has an ap-
parent magnitude of −1.4. Vega, which was
the North Star about 12,000 years ago (slight
changes in Earth’s orbit lead to changing North
Stars every several thousand years), has an ap-
parent magnitude of 0.03. How many times
brighter than Vega is Sirius?

28. The full moon has an apparent magnitude of
approximately −12.6. How many times brighter
than Sirius is the full moon?

29. Neptune has an apparent magnitude of
about 7.8. What is the apparent magnitude of a
star that is 20 times brighter than Neptune?

30. What is the apparent magnitude of a star
that is eight times brighter than Neptune?

problems

31. Suppose f is a function with exponential de-
cay. Explain why the function g defined by
g(x) = 1

f(x) is a function with exponential
growth.

32. Show that an earthquake with Richter magni-
tude R has seismic waves of size S010R , where
S0 is the size of the seismic waves of an earth-
quake with Richter magnitude 0.
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33. Do a web search to find the most intense earth-
quake in the United States in the last calen-
dar year and the most intense earthquake in
Japan in the last calendar year. Approximately
how many times more intense was the larger of
these two earthquakes than the smaller of the
two?

34. Show that a sound with d decibels has intensity
E010d/10, where E0 is the intensity of a sound
with 0 decibels.

35. Find at least three different web sites giving the
apparent magnitude of Polaris (the North Star)
accurate to at least two digits after the decimal
point. If you find different values on different
web sites (as the author did), then try to ex-
plain what could account for the discrepancy
(and take this as a good lesson in the caution
necessary when using the web as a source of
scientific information).

36. Write a description of the logarithmic scale
used for the pH scale, which measures acid-
ity (this will probably require use of the library
or the web).

worked-out solutions to Odd-numbered Exercises

1. About how many hours will it take for a sample
of radon-222 to have only one-eighth as much
radon-222 as the original sample?

solution The half-life of radon-222 is about
92 hours, as can be seen in the chart in this
section. To reduce the number of radon-222
atoms to one-eighth the original number, we
need 3 half-lives (because 23 = 8). Thus it will
take 276 hours (because 92× 3 = 276) to have
only one-eighth as much radon-222 as the origi-
nal sample.

3. About how many years will it take for a sam-
ple of cesium-137 to have only two-thirds as
much cesium-137 as the original sample?

solution The half-life of cesium-137 is about
30 years, as can be seen in the chart in this sec-
tion. Thus if we start with a atoms of cesium-
137 at time 0, then after t years there will be

a · 2−t/30

atoms left. We want this to equal 2
3a. Thus we

must solve the equation

a · 2−t/30 = 2
3a.

To solve this equation for t, divide both sides
by a and then take the logarithm of both sides,
getting

− t
30 log 2 = log 2

3 .

Now multiply both sides by −1, replace − log 2
3

by log 3
2 , and then solve for t, getting

t = 30
log 3

2
log 2 ≈ 17.5.

Thus two-thirds of the original sample will be
left after approximately 17.5 years.

5. Suppose a radioactive isotope is such that
one-fifth of the atoms in a sample decay after
three years. Find the half-life of this isotope.

solution Let h denote the half-life of this
isotope, measured in years. If we start with a
sample of a atoms of this isotope, then after 3
years there will be

a · 2−3/h

atoms left. We want this to equal 4
5a. Thus we

must solve the equation

a · 2−3/h = 4
5a.

To solve this equation for h, divide both sides
by a and then take the logarithm of both sides,
getting

− 3
h log 2 = log 4

5 .
Now multiply both sides by −1, replace − log 4

5

by log 5
4 , and then solve for h, getting

h = 3 log 2

log 5
4
≈ 9.3.

Thus the half-life of this isotope is approxi-
mately 9.3 years.

7. Suppose the ratio of carbon-14 to carbon-12
in a mummified cat is 64% of the corresponding
ratio for living organisms. About how long ago
did the cat die?
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solution The half-life of carbon-14 is 5730
years. If we start with a sample of a atoms of
carbon-14, then after t years there will be

a · 2−t/5730

atoms left. We want to find t such that this
equals 0.64a. Thus we must solve the equation

a · 2−t/5730 = 0.64a.

To solve this equation for t, divide both sides
by a and then take the logarithm of both sides,
getting

− t
5730 log 2 = log 0.64.

Now solve for t, getting

t = −5730 log 0.64
log 2 ≈ 3689.

Thus the cat died about 3689 years ago.
Carbon-14 cannot be measured with extreme
accuracy. Thus it is better to estimate that the
cat died about 3700 years ago (because a num-
ber such as 3689 conveys more accuracy than
will be present in such measurements).

9. How many more times intense is an earthquake
with Richter magnitude 7 than an earthquake
with Richter magnitude 5?

solution Here is an informal but accurate
solution: Each increase of 1 in the Richter mag-
nitude corresponds to an increase in the size
of the seismic wave by a factor of 10. Thus an
increase of 2 in the Richter magnitude corre-
sponds to an increase in the size of the seismic
wave by a factor of 102. Hence an earthquake
with Richter magnitude 7 is 100 times more
intense than an earthquake with Richter magni-
tude 5.

Here is a more formal explanation using log-
arithms: Let S7 denote the size of the seismic
waves from an earthquake with Richter magni-
tude 7 and let S5 denote the size of the seismic
waves from an earthquake with Richter magni-
tude 5. Thus

7 = log
S7

S0
and 5 = log

S5

S0
.

Subtracting the second equation from the first
equation, we get

2 = log
S7

S0
− log

S5

S0
= log

(S7

S0

/S5

S0

)
= log

S7

S5
.

Thus
S7

S5
= 102 = 100.

Hence an earthquake with Richter magnitude 7
is 100 times more intense than an earthquake
with Richter magnitude 5.

11. The 1994 Northridge earthquake in Southern
California, which killed several dozen people,
had Richter magnitude 6.7. What would be the
Richter magnitude of an earthquake that was
100 times more intense than the Northridge
earthquake?

solution Each increase of 1 in the Richter
magnitude corresponds to an increase in the
intensity of the earthquake by a factor of 10.
Hence an increase in intensity by a factor of
100 (which equals 102) corresponds to an in-
crease of 2 is the Richter magnitude. Thus an
earthquake that was 100 times more intense
than the Northridge earthquake would have
Richter magnitude 6.7+ 2, which equals 8.7.

13. The most intense recorded earthquake in
the state of New York occurred in 1944; it
had Richter magnitude 5.8. The most intense
recorded earthquake in Minnesota occurred in
1975; it had Richter magnitude 5.0. Approxi-
mately how many times more intense was the
1944 earthquake in New York than the 1975
earthquake in Minnesota?

solution Let SN denote the size of the seis-
mic waves from the 1944 earthquake in New
York and let SM denote the size of the seismic
waves from the 1975 earthquake in Minnesota.
Thus

5.8 = log
SN
S0

and 5.0 = log
SM
S0
.

Subtracting the second equation from the first
equation, we get

0.8 = log
SN
S0
− log

SM
S0

= log
(SN
S0

/SM
S0

)
= log

SN
SM
.

Thus
SN
SM

= 100.8 ≈ 6.3.

In other words, the 1944 earthquake in New
York was approximately 6.3 times more intense
than the 1975 earthquake in Minnesota.
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15. The most intense recorded earthquake in
Texas occurred in 1931; it had Richter magni-
tude 5.8. If an earthquake were to strike Texas
next year that was three times more intense
than the current record in Texas, what would
its Richter magnitude be?

solution Let ST denote the size of the seis-
mic waves from the 1931 earthquake in Texas.
Thus

5.8 = log
ST
S0
.

An earthquake three times more intense would
have Richter magnitude

log
3ST
S0

= log 3+ log
ST
S0
≈ 0.477+ 5.8 = 6.277.

Because of the difficulty of obtaining accurate
measurements, Richter magnitudes are usually
reported with only one digit after the decimal
place. Rounding off, we would thus say that an
earthquake in Texas that was three times more
intense than the current record would have
Richter magnitude 6.3.

17. Suppose you whisper at 20 decibels and nor-
mally speak at 60 decibels.

(a) What is the ratio of the sound intensity of
your normal speech to the sound intensity
of your whisper?

(b) How many times louder does your normal
speech seem as compared to your whis-
per?

solution

(a) Each increase of 10 decibels corresponds to
multiplying the sound intensity by a factor
of 10. Going from a 20-decibel whisper to 60-
decibel normal speech means that the sound
intensity has been increased by a factor of 10
four times. Because 104 = 10,000, this means
that the ratio of the sound intensity of your
normal speech to the sound intensity of your
whisper is 10,000.

(b) Each increase of 10 decibels results in a dou-
bling of loudness. Here we have an increase of
40 decibels, so we have had an increase of 10
decibels four times. Thus the perceived loud-
ness has increased by a factor of 24. Because

24 = 16, this means that your normal conversa-
tion seems 16 times louder than your whisper.

19. Suppose an airplane taking off makes a
noise of 117 decibels and you normally speak
at 63 decibels.

(a) What is the ratio of the sound intensity of
the airplane to the sound intensity of your
normal speech?

(b) How many times louder does the airplane
seem than your normal speech?

solution

(a) Let EA denote the sound intensity of the air-
plane taking off and let ES denote the sound
intensity of your normal speech. Thus

117 = 10 log
EA
E0

and 63 = 10 log
ES
E0
.

Subtracting the second equation from the first
equation, we get

54 = 10 log
EA
E0
− 10 log

ES
E0
.

Thus

5.4 = log
EA
E0
− log

ES
E0
= log

(EA
E0

/ES
E0

)
= log

EA
ES
.

Thus
EA
ES

= 105.4 ≈ 251,189.

In other words, the airplane taking off produces
sound about 250 thousand times more intense
than your normal speech.

(b) Each increase of 10 decibels results in a dou-
bling of loudness. Here we have an increase
of 54 decibels, so we have had an increase
of 10 decibels 5.4 times. Thus the perceived
loudness has increased by a factor of 25.4. Be-
cause 25.4 ≈ 42, this means that the airplane
seems about 42 times louder than your normal
speech.

21. Suppose a television is playing softly at a
sound level of 50 decibels. What decibel level
would make the television sound eight times as
loud?

solution Each increase of ten decibels makes
the television sound twice as loud. Because



section 3.5 Additional Applications of Exponents and Logarithms 287

8 = 23, the sound level must double three times
to make the television sound eight times as
loud. Thus 30 decibels must be added to the
sound level, raising it to 80 decibels.

23. Suppose a motorcycle produces a sound
level of 90 decibels. What decibel level would
make the motorcycle sound one-third as loud?

solution Each decrease of ten decibels
makes the motorcycle sound half as loud. The
sound level must be cut in half x times, where
1
3 =

( 1
2

)x
, to make the motorcycle sound one-

third as loud. This equation can be rewritten
as 2x = 3. Taking common logarithms of both
sides gives x log 2 = log 3, which implies that

x = log 3
log 2

≈ 1.585.

Thus the sound level must be decreased by ten
decibels 1.585 times, meaning that the sound
level must be reduced by 15.85 decibels. Be-
cause 90−15.85 = 74.15, a sound level of 74.15
decibels would make the motorcycle sound
one-third as loud.

25. How many times brighter is a star with appar-
ent magnitude 2 than a star with apparent mag-
nitude 17?

solution Every five magnitudes correspond
to a change in brightness by a factor of 100.
Thus a change in 15 magnitudes corresponds
to a change in brightness by a factor of 1003

(because 15 = 5× 3). Because 1003 = (102)3 =
106, a star with apparent magnitude 2 is one
million times brighter than a star with apparent
magnitude 17.

27. Sirius, the brightest star that can be seen
from Earth (not counting the sun), has an ap-
parent magnitude of −1.4. Vega, which was
the North Star about 12,000 years ago (slight
changes in Earth’s orbit lead to changing North
Stars every several thousand years), has an ap-
parent magnitude of 0.03. How many times
brighter than Vega is Sirius?

solution Let bV denote the brightness of
Vega and let bS denote the brightness of Sirius.
Thus

0.03 = 5
2

log
b0

bV
and − 1.4 = 5

2
log

b0

bS
.

Subtracting the second equation from the first
equation, we get

1.43 = 5
2

log
b0

bV
− 5

2
log

b0

bS
.

Multiplying both sides by 2
5 , we get

0.572 = log
b0

bV
− log

b0

bS
= log

( b0

bV

/b0

bS

)

= log
bS
bV
.

Thus
bS
bV

= 100.572 ≈ 3.7.

Thus Sirius is approximately 3.7 times brighter
than Vega.

29. Neptune has an apparent magnitude of
about 7.8. What is the apparent magnitude of a
star that is 20 times brighter than Neptune?

solution Each decrease of apparent magni-
tude by 1 corresponds to brightness increase
by a factor of 1001/5. If we decrease the mag-
nitude by x, then the brightness increases by a
factor of (1001/5)x . For this exercise, we want
20 = (1001/5)x . To solve this equation for x,
take logarithms of both sides, getting

log 20 = x log 1001/5 = 2x
5
.

Thus

x = 5
2

log 20 ≈ 3.25.

Because 7.8− 3.25 = 4.55, we conclude that a
star 20 times brighter than Neptune has appar-
ent magnitude approximately 4.55.
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chapter summary
To check that you have mastered the most important concepts and skills covered in this chapter,
make sure that you can do each item in the following list:

Manipulate and simplify expressions involving
exponents.

Define logarithms.

Use the change of base formula for logarithms.

Use the formulas for the logarithm of a prod-
uct, quotient, and power.

Use common logarithms to determine how
many digits a number has.

Model population growth.

Compute compound interest.

Model radioactive decay using half-life.

Use logarithmic scales for measuring earth-
quakes, sound, and stars.

To review a chapter, go through the list above to find items that you do not know how to do,
then reread the material in the chapter about those items. Then try to answer the chapter
review questions below without looking back at the chapter.

chapter review questions

1. Explain why
√

5
2 = 5.

2. Give an example of a number t such that√
t2 �= t.

3. Show that (29+ 12
√

5)1/2 = 3+ 2
√

5.

4. Evaluate 327/5.

5. Expand (4− 3
√

5x)2.

6. What is the domain of the function f defined
by f(x) = x3/5?

7. What is the domain of the function f defined
by f(x) = (x − 5)3/4?

8. Find the inverse of the function f defined by

f(x) = 3+ 2x4/5.

9. Find a formula for (f ◦ g)(x), where

f(x) = 3x
√

32 and g(x) = x
√

2.

10. Explain how logarithms are defined.

11. What is the domain of the function f defined
by f(x) = log2 x?

12. What is the range of the function f defined by
f(x) = log2 x?

13. Explain why
3log3 7 = 7.

14. Explain why
log5 5444 = 444.

15. Without using a calculator or computer, esti-
mate the number of digits in 21000.

16. Find all numbers x such that

logx + log(x + 2) = 1.

17. Evaluate log5

√
125.

18. Find a number b such that logb 9 = −2.

19. How many digits does 47000 have?

20. At the time this book was written, the
largest known prime number not of the form
2n − 1 was 19249 · 213018586 + 1. How many
digits does this prime number have?

21. Find the smallest integer m such that

8m > 10500.
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22. Find the largest integer k such that

15k < 11900.

23. Which of the expressions

logx + logy and (logx)(logy)

can be rewritten using only one log?

24. Which of the expressions

logx − logy and
logx
logy

can be rewritten using only one log?

25. Find a formula for the inverse of the function f
defined by

f(x) = 4+ 5 log3(7x + 2).

26. Find a formula for (f ◦ g)(x), where

f(x) = 74x and g(x) = log7 x.

27. Find a formula for (f ◦ g)(x), where

f(x) = log2 x and g(x) = 25x−9.

28. Evaluate log3.2 456.

29. Suppose log6 t = 4.3. Evaluate log6 t200.

30. Suppose log7w = 3.1 and log7 z = 2.2. Evaluate

log7
49w2

z3
.

31. Suppose $7000 is deposited in a bank ac-
count paying 4% interest per year, compounded
12 times per year. How much will be in the
bank account at the end of 50 years?

32. Suppose $5000 is deposited in a bank ac-
count that compounds interest four times per
year. The bank account contains $9900 after 13
years. What is the annual interest rate for this
bank account?

33. A colony that initially contains 100 bacte-
ria cells is growing exponentially, doubling
in size every 75 minutes. Approximately how
many bacteria cells will the colony have after 6
hours?

34. A colony of bacteria is growing exponen-
tially, doubling in size every 50 minutes. How
many minutes will it take for the colony to be-
come six times its current size?

35. A colony of bacteria is growing exponen-
tially, increasing in size from 200 to 500 cells
in 100 minutes. How many minutes does it take
the colony to double in size?

36. Explain why a population cannot have exponen-
tial growth indefinitely.

37. About how many years will it take for a sam-
ple of cesium-137, which has a half-life of 30
years, to have only 3% as much cesium-137 as
the original sample?

38. How many more times intense is an earth-
quake with Richter magnitude 6.8 than an
earthquake with Richter magnitude 6.1?

39. Explain why adding ten decibels to a sound
multiplies the intensity of the sound by a factor
of 10.

40. Most stars have an apparent magnitude that
is a positive number. However, four stars (not
counting the sun) have an apparent magnitude
that is a negative number. Explain how a star
can have a negative magnitude.


